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ABSTRACT. Let F be an algebraically closed field and let G be a semisimple F-algebraic group 
for which the characteristic of F is very good. If X 6 Lie(G) = Lie(G)(F) is a nilpotent element 
in the Lie algebra of G, and if C is the centralizer in G of X, we show that (i) the root datum of a 
Levi factor of C, and (ii) the component group C/ C both depend only on the Bala-Carter label 
of X; i.e. both are independent of very good characteristic. The result in case (ii) depends on the 
known case when G is (simple and) of adjoint type. 

The proofs are achieved by studying the centralizer C of a nilpotent section X in the Lie 
algebra of a suitable semisimple group scheme over a Noetherian, normal, local ring A. When 
the centralizer of X is equidimensional on Spec(«4), a crucial result is that locally in the etale 
topology there is a smooth ,4-subgroup scheme L of C such that Lf is a Levi factor of Ct for each 
t £ Spec(yl). 
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1. Introduction 

1.1. The main results. Let E and F be algebraically closed fields, and let Gp and Gp be 
semisimple algebraic groups over E and F respectively We are going to assume that the 
root data of these two groups coincide. Further, we suppose that the characteristic of E is 0, 
and that the characteristic of F is very good for Gp - see S 13.8I 

Using the Bala-Carter Theorem |(4.4,l)| we may identify the set of nilpotent orbits of Gp in 
Lie(Gf) = gp with the set of nilpotent orbits of Gp in Lie(Gp) = qe- 

Suppose that the orbits of the nilpotent elements Xg £ qe and Xp 6 qf are the same 
under the Bala-Carter identification, let Cg be the centralizer of Xg in Gg, and let Cp be the 
centralizer of Xf in Gp. 
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If H is an algebraic group, one says that a closed subgroup L C H is a Levi factor if the 
connected component L° is reductive and if H is isomorphic as an algebraic group to the 
semidirect product L ■ R U (H), where we have written R u (H) for the unipotent radical of H. 

The groups Cf and Cf have Levi factors Lf C Cf and Lf C Cf. Indeed, this is immediate 
in characteristic 0, since a result of Mostow shows every linear group to have a Levi factor 
in that case; in positive characteristic, existence of a Levi factor for Cf may be deduced as a 



consequence of Premet's recent conceptual proof of the Bala-Carter theorem |Pr 03J; cf. (4.1.1) 
below. The main results of this paper may now be stated: 

Theorem A. The root datum of the reductive group L° F may he identified with that ofL° E . 
Theorem B. The finite groups C^/Ci and Cf / C F are isomorphic. 

When p is not a good prime for G, the Bala-Carter parametrization of nilpotent orbits does 
not hold; cf. HCa 931 §5.11] and lJa~u4] §5.13 - 5.15] for examples of "extra" nilpotent orbits 
for these primes. So our statements must at least exclude "bad" characteristics. We have not, 
however, attempted to prove our results for semisimple groups in all good characteristics. 
Instead, we have chosen to prove the theorems of this paper under some "standard" as- 
sumptions on G; in fact, we will prove Theorems lAl and [Bl f or the T -standard reductive groups 
introduced in 33.91 A semisimple group is T-standard in case the characteristic is very good 
for G, but the group GL„ is always T-standard. Thus, our statements apply, for example, to 
the group GL f! for any n, but not to SL„ when n = (mod p). Note that the centralizer of a 
regular nilpotent element in SL H is the direct product of a connected unipotent group with the 
group p n of n-th roots of unity; thus when n = (mod p), the naive statement of Theorem[B] 
would not be correct for SL n . 

In the remainder of this introduction, we give an overview of our strategy of proofs of 
Theorems lAl and IBl We first observe that - as a consequence of the Bala-Carter Theorem; see 
|(4.4.2)| — it suffices to prove these Theorems after making a particular choice for the fields E 
and F. For convenience, we will prove the result when F is an algebraic closure of the finite 
field F p , and F is some suitable algebraically closed field of characteristic 0. The proofs will 
be given in 35.81 and 37.61 We now give some further details about these proofs. 

1.2. The instability parabolic. As already mentioned, we rely on the fact that the nilpotent 
orbits for the group Gf and for the group Gf are described by the Bala-Carter theorem; cf . 



Recall that a key idea behind Premet's recent proof [Pr 03 1 of the Bala-Carter theorem was 
to use a result in geometric invariant theory - due to Kempf and to Rousseau - which attaches 
a collection of optimal cocharacters of G to an unstable vector in a linear representation of G. 
Let us explain this a bit more. Write G for one of the groups Gf or Gf . An element X £ Lie(G) 
is nilpotent if and only if the closure of its adjoint orbit contains 0; such vectors are said to be 
unstable. The Hilbert-Mumford criterion for instability asserts that an unstable vector for G is 
also unstable for certain one-dimensional sub-tori of G. The Hilbert-Mumford criterion has a 
more precise form due to Kempf and to Rousseau: there is a class of optimal cocharacters of G 
whose images exhibit such one dimensional sub-tori. One of the nice features of these optimal 
cocharacters is that they each define the same parabolic subgroup Fx of G; this parabolic 
subgroup is known as the instability parabolic determined by X. The instability parabolic 
subgroups determined by nilpotent elements play an important role in this paper. 

When G is a reductive group over an arbitrary field K and when X 6 Lie(G) (K) is nilpo- 
tent, one knows e.g. by |Mc 041 Prop. 27] that Fx is a X-parabolic; cf. l4.1l for more on these 
matters. 
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1.3. The component group when G is of adjoint type. Let again G be one of the groups Ge 
or Gf , and suppose that G is of adjoint type. For a reductive group in characteristic zero, 
Alekseevskii [A179[ determined the structure of the group of components Cq(X) /Cq{X)° 
for each nilpotent X 6 Lie(G). Sommers [So 98 [ gave later a more conceptual argument for 
the determination of these groups. 

Moreover, given nilpotent elements Xg 6 Lie(G£) and Xf £ Lie (Gf) with the same Bala- 
Carter label, one knows for semisimple groups of adjoint type that Ce/C e ~ Cf/ C f . For 
a while, this was known only through case-checking - especially, by the work of Mizuno 
| Miz 80 ] . More recently, this isomorphism was proved by Premet |Pr 03 ] and by McNinch- 
Sommers |MS 03]. Thus, the assertion of Theorem|B]is known already provided that Gg and 
Gf are of adjoint type. 



1.4. Group schemes. The proofs of Theorems lAl and IB1 are achieved by studying reductive 
group schemes over more general base schemes. Let us give here a brief overview of the 
argument. 

We consider a normal, local, Noetherian integral domain A with residue field k and field 
of fractions K. Recall that a point t £ Spec(^4) is the same as a prime ideal pf C A; write k(t) 
for the field of fractions of A/pt ■ The closed point s £ Spec(^4) is the maximal ideal of A, so 
that k(s) — k is the residue field. And the generic point rj £ Spec(„4) is the prime ideal of A, 
so that k(rj) = K is the field of fractions. For any t £ Spec(^4), we write k(t) for a separable 
closure of the field kit). 

Let G be a semisimple group scheme over A. For t £ Spec(^4), we write Gf for the group 
G obtained by base-change; thus G /u t \ is a semisimple group over the field k(t) . We insist 
that the characteristic of k is very good for G s = G/^it is then immediate that the characteristic 
of K is very good for G f/ = G /x', see ^3.81 

An ^4-section of the Lie algebra g = Lie(G) of G - i.e. an element X £ g(A) - is nilpotent if 
its image Xj^ £ q(K) is nilpotent. If X £ g(A) is a nilpotent section, write C = Cg(X) for the 
centralizer - thus C is an ^4-subgroup scheme of G. Now, C/x identifies with the centralizer 
in G/k of Xk, and likewise for C/^. If the groups C/% and C/^ have the same dimension, we 
say that X is equidimensional; we prove in that case - see Proposition 15.21 - that the group 
scheme C is smooth over A. 

If Pq denotes the instability parabolic subgroup of G determined by the nilpotent el- 
ement X^ £ q(K), we prove - see Proposition 15.51 - that there is a parabolic „4-subgroup 
scheme P C G for which P/% = Pq. 

This assertion is immediate in case A is a discrete valuation ring; see |(3.103)| The general 
case is a consequence of |(2.6.3) Note that for general A as above, the conclusion of Proposi- 
tion [53] actually holds by construction for a collection of equidimensional sections X £ g(A) 
realized as "Richardson sections"; see Theorem l5.4[ 

The existence of Richardson sections just mentioned also shows that for s £ Spec (A) and 
a nilpotent element Y £ g(fc(s)), there is an equidimensional nilpotent section X £ g(A) such 
that Y is geometrically conjugate to the value X(s) £ g(k(s)) of X; moreover, the construction 
of this X makes clear that the Bala-Carter datum of the nilpotent element X(f) £ g(k(t)) is 
constant for t £ Spec(«4). 

We may now state a key result: locally in the etale topology of Spec(^4), the centralizer C 
has a Levi factor. This means that after possibly replacing A by a finite, etale, local extension, 
we may find a closed, smooth subgroup scheme L C C such that L° is reductive and such 
that L t is a Levi factor of Cf for t £ Spec(^4); cf. Theorem l5.7l 
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The existence of the Levi factor L essentially settles Theorem lAl Note that we also prove - 
cf. Corollary l5.7l - for any equidimensional nilpotent section X that the Bala-Carter datum of 
X(f) is constant for t 6 Spec(^4). 

For Theorem |B] one considers the sheaf on the etale site of A determined by the quotient 
C/C° ~ L/L°. When G is a semisimple group scheme over A with adjoint root datum, 
Theorem[B]is known for the geometric fibers of G; it follows that the sheaf L / L° is represented 
by a finite etale group scheme over A. To complete the proof of Theorem |Bl we must argue 
when G is no longer adjoint that the sheaf L/L° is still represented by a finite etale group 
scheme; this is carried out in fJT] 

Theorem A was announced by the author in June 2005 in a talk in the conference on Alge- 
braic Groups and Finite Reductive Groups at the Bernoulli Center of the Ecole Polytechnique 
Federale de Lausanne. The author thanks Jens Carsten Jantzen, Michel Raynaud, and Jean- 
Pierre Serre for useful remarks during the preparation of this manuscript. 

2. Some recollections 

2.1. Assumptions and notation. Let A be a Noetherian integral domain. We are going to 
consider schemes over A, and - as e.g. in flja 03) - we will interchangeably regard a scheme 
over A either as a set-valued functor on all commutative ^4-algebras [more precisely: all 
commutative A-algebras in some universe, to avoid well-known logical pitfalls] or as the 
ringed topological space which represents this functor. 

Given a scheme X of finite type over A and a point x e X we write ff x for the local ring 
of x, and we write k(x) for the residue field of G x . When X = Spec (.A), we write A x for 
this local ring. We will denote by k{x) a separably closed field containing k{x); thus x is a 
geometric point of X. 

If t is a point of Spec (.4), we write Xf for the fiber product X x spec (-4) Spec A: (7); then Xf is 
a scheme of finite type over the field k(t). 

Similarly, if A C B is an extension, we write X/g for the fiber product X x$pec{A) Spec B; 
then X/g is a scheme of finite type over B. 

2.2. Normal local rings and etale extensions. Assume that the Noetherian integral domain 
A is normal and local. If B is a commutative ring containing A, then B is said to be a local 
extension of A if B is itself local, and if the maximal ideal of A is contained in that of B. We 
have the following: 

(2.2.1) . [SGA L Exp. I, Prop. 10.1] If B ~> A is a local etale extension of finite type, then B is a 
domain, the field of fractions LofB is a finite separable extension of the field of fractions K of A, and 
B is the integral closure of A in L. In particular, B is Noetherian and is finite over A. 

In the language of the etale topology (see [Mil 80 II] or i]6.1l below), we have: 

(2.2.2) . Any etale neighborhood X — > Spec(*4) of the closed point ofSpec(A) contains an affine open 
A-subscheme Spec(Z3) C Xfor some finite, etale, local A-algebra B. 

If X is an ,4-scheme, then we say that a property of X holds locally in the etale topology of 
A if the property holds for the 23-scheme X/g for a suitable finite, etale, local extension B of 
A; note that B is then necessarily a domain. 

2.3. Smoothness of stabilizers. In this section, A is a Noetherian integral domain. Let G be 
a group scheme which is smooth and of finite type over A, and let Y be a scheme which is 
flat and of finite type over A. Suppose that G acts on Y and that the action is given by a 
morphism of .4-schemes a:Gx^Y->Y. 
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If a £ Y(A) is an ^4-section, then for each commutative ,4-algebra A, the section a deter- 
mines a section oc A G Y(A); for t G Spec(^4) we write oc(t) for the image ccu t \ in Y(k(t)). 

Let now oc, f> G Y(A) be two .4-sections of Y. The transporter Trans^ (a, /3) is the subfunctor 
of G given for each commutative ,4-algebra A by 

Trans G ( a/1 6)(A) = {g G G(A) | £.a A = /3 A }. 

In particular, the stabilizer Stabg (oc) = Transc (oc, oc) is the subfunctor of G given by 

Stab G (*)(A) = {g G G(A) | g.a A = oc A }. 

Write ^ a for the orbit mapping 

U a :G^Y 

determined by the section oc G Y(A); for each commutative ,4-algebra A we have u a (h) = 

i(h, a A ) for each h G G(A). We now regard oc, [S E Y(A) as sections S ^ Y and S Y, 
where S is the spectrum of A. Then we see that the sub-functor Transg (oc, j6) may be identified 
with the fiber product G x y ^ S: 

G < G x S = T 

?<« 

Y Yx Y ,^S = S. 

It is thus a subscheme of G which is of finite type over A, and it is closed in G if <p& is a closed 
embedding. In particular, the stabilizer Stabc(a) is a subscheme of G which is of finite type 
over A; it is closed in G in case <p K is a closed embedding. 

We are interested in conditions under which the transporter Transc (oc, fi) and the stabilizer 
Stabc(a) are smooth; we give two such conditions, as follows: 

(2.3.1) . Suppose for each s G Spec(*4) that the G s -orbit of oc(s) in Y s is separable and dense. Then 
for each section f> G Y(A), the transporter T — Transc(a, (6) is a smooth A-subscheme of G. In 
particular, the stabilizer C = Stabc(a) is a smooth A-subgroup scheme ofG. 

Proof. If u a denotes the orbit map as above, we claim first that u a '■ G — > Y is smooth. Fix a 
point g G G; we argue that u K is smooth at g. Indeed, G is smooth over A, Y is flat over A, 
and a is of finite type. Thus according to BSGA 11 Exp. II, Cor. 2.2], the smoothness of u a at g 
will follow provided that pi a rS : G s — > Y s is smooth at g, where s G Spec (.4) is the image of g 
under the projection G — > Spec(^l); since the G s -orbit of oc(s) is separable and dense, }i aiS is 
indeed smooth at g. 

Since smooth morphisms are stable under base-change [SGA 1. Exp. II, Prop. 1.3], and 
since }i a is smooth, it follows that T and C are smooth over Spec(^l), as required. □ 

(2.3.2) . Assume that the Noetherian integral domain A is normal. 

(1) If Transc(a, /5)t is smooth over k(t) for each t G Spec(„4), and if the irreducible com- 
ponents of Transc (oc, fi)t M have the same dimension independent of t G Spec(^l), then 
Transc(a, fi) is a smooth A-subscheme of G. 

(2) If Cc(X)t is smooth over k(t) for each t G Spec(*4), and if the irreducible components of 
Cg(X)t all have the same dimension independent oftE Spec(*4), then Cq(X) is a smooth 
A-subgroup scheme of G. 

Proof. Of course, (2) is a special case of (1). Since the scheme Transc (X, Z) is of finite type 
over A and since A is normal, (1) follows from BSGA 1[ Exp. II, Prop. 2.3]. □ 
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2.4. Henselian rings. Suppose that the Noetherian domain A is moreover local. Then A is 
said to be Henselian if the conclusion of Hensel's lemma holds for A (see e.g. iMil 801 1 §4]). 
The local domain A is said to be strictly Henselian if it is Henselian and if its residue field is 
separably closed. 

If m is the maximal ideal of A, recall that A is Henselian if it is complete in its m-adic 
topology [Mil 80, 1, Prop. 4.5]. Given any local domain A, we can construct its Henselization 
A h IMil 801 1 §4] and its strict Henselization .A sh loc. cit.. 

Let X be a smooth scheme of finite type over A, and write k for the residue field of A. 

(2.4.1) . IMil 80[ I Exerc. 4.13] If A is Henselian, the natural map X(A) — > X(k) is surjective. 

Suppose that G is a smooth group scheme of finite type over A. Let Y be a scheme which 
is flat and of finite type over A, and assume that G acts on Y by ^4-morphisms. 

(2.4.2) . Let £ Y(„4), suppose that the Gt-orbit of a(t) is separable and dense in Yt for every 
t £ Spec(„4), and suppose that the elements a(s),/3(s) £ Y{k{s)) = Y{k) are conjugate by an 
element of G{k), where s is the closed point of Spec(*4). Then locally in the etale topology of A, the 
sections a and /3 are conjugate by a section ofG. More precisely, there is a finite, etale, local extension 
B of A such that a and f> are conjugate by an element ofG(B). 

Proof. Indeed, by |(2.3.1)} the transporter Transc(«/ /5) is a smooth subscheme of G. Thus by 
|(2.4.1)| any fc-point of the transporter may be lifted to an ^4 h -point, where A h is the Henseliza- 
tion. Now the result follows from the construction of A h as the limit of etale neighborhoods 

of^lMiL80Ji§4]. □ 

2.5. Dimensions of fibers. Let X be a scheme of finite type over the Noetherian domain A. 
Let us write n : X — > S = Spec(^l) for the structure morphism. Then Chevalley's upper 
semicontinuity theorem - cf. [EGA IV, Thm. 13.1.3] - gives rough information on the fibers, 
as follows: 

(2.5.1) . For each integer n, the set of x £ X such that dim v - n^ 1 (tl(x) ) > n is closed in X. 

Now suppose that A is a local, Noetherian domain. Let n £ S be the generic point and let 
s £ Spec(^l) be the closed point. 

(2.5.2) . If e = dim n^t] = dimX^ and f = dim 7r _1 s = dimX s , then for each t £ Spec(„4) we 
have f > dim Xf > e. 



Proof. Let t £ Spec(„4). Arguing as in BEGA IV! Cor. 13.1.6], assertion |(2.5.1) shows that 



dim Xf > e. On the other hand, let p C A be the prime ideal corresponding to t. We may 
form the fiber product X x Spec (_4) Spec(„4/p). The morphism Spec(^l/p) — > Spec(*4) is just 
the inclusion of the closure of {t} in Spec(^l); in particular, t is (identified with) the generic 
point of Spec(*4/p), and s remains the closed point. For any point r £ Spec(*4/p) C Spec(*4), 
the fiber over r of X x S p ec ^^ Spec(.4/p) identifies with X,-. Thus the inequality f > dimXf 
results from the inequality already established. □ 

2.6. Existence of sections. In this section, we consider a Noetherian, normal domain A. 

(2.6.1). Let Y be an affine A-scheme of finite type, and let £ Y(k(n)), where rj is the generic point 
ofSpec(A). For each prime ideal of height one p C A, suppose that x p £ Y(Ap), and that the image 
of Xp under the natural map Y(_4 p ) — > Y(k(n)) is x, ? . Then there is a section x £ Y(A) such that 
the image of x under the natural map Y(A) — > Y(^l p ) is x p for each prime ideal p of height one. 
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Proof. Write Y = Spec(B) for the .4-algebra B = A[y\, . . . ,y n }- The point x^ is the same as an 
,4-homomorphism f„:B^>k(r/). For each prime ideal p C A of height one, the assumptions 
mean that/, 7 (y/) £ Ap C k(n) for 1 < i < n, and that the resulting homomorphism fp : B ^ 
Ap determines the point y p . 

Since A is normal, one knows that 

A — n p ^4p, the intersection taken over all prime ideals p C A of height 1; 

see e.g. ILi 021 Lem. 4.1.13]. We conclude that f n (y,-) £ A for 1 < i < n; writing x £ Y(.A) for 
the section determined by the resulting homomorphism f : B — > ^4, the result follows. □ 

Fix a projective .A-scheme X of finite type. Recall now the following (see for instance 
$jTM Theorem 3.3.25]): 

(2.6.2) . If A is a discrete valuation ring, then the natural mapping X(A) — »• X(k(r/)) is bijective, 
where r\ is the generic point of Spec (A). 

Suppose given an element xp £ X(F) for each „4-algebra F that is a field. Whenever B is 
an „4-algebra that is a discrete valuation ring with field of fractions F, write xq £ X(S) for 
the section determined by X(F). We make two assumptions: 

(51) Whenever the ^4-algebras F\,Fi are fields satisfying F\ C F2, suppose that Xf 2 coin- 
cides with the image of Xp 1 under the natural map X(F\) — > X(F2). 

(52) Whenever B is an ^4-algebra that is a discrete valuation ring with field of fractions 
F and residue field f, we suppose that coincides with the image of xq under the 
natural map X{B) -> X(f). 

(2.6.3) . Under the hypotheses (SI) and (S2), there is a unique section x £ X( A) such that for each 
A-algebra F that is afield, the element xp is the image of x under the natural map X(_4) — > X(F). 

Proof. First note that uniqueness of the section x is immediate, e.g. since the image of x in 
X(k(rj)) must coincide with x k ^y 

We now prove the existence of x. In view of the uniqueness of the section x, it suffices to 
construct x locally on Spec(A); thus, we may and will suppose that A is moreover local. Write 
s £ Spec(^l) for the unique closed point, and write k = k(s) 

Before beginning the proof, choose a very ample invertible sheaf C on X; thus C = i*0(l) 
for a suitable closed embedding i : X — > P%. Let t , t\,..., t n £ £(X) be global sections such 
that for each < i < n, the set Xf ; is an affine open ^4-subscheme, and the affine opens Xf ; 
cover X. 

The proof proceeds by induction on d = dim A. When d = 1, the domain A is itself a 
discrete valuation ring and the existence of the desired section x £ X(_4) follows immediately 
from |(2.6.2)| 

Suppose now that d > 1 and suppose that the result is true in dimension strictly less than 
d. Let p denote a height one prime ideal of A. Then the quotient *4/p is a Noetherian, normal, 
local domain of dimension d — 1. For each A/ p-algebra F which is a field, we have of course 
the section xp , and it is clear that these sections satisfy conditions (SI) and (S2) for the ring 
A/ p. Thus, the induction hypothesis gives now a section x' £ X(„4/p) whose image in X(F) 
coincides with Xp for each A I p-algebra F that is a field. 

Since p has height one and since A is normal, the localization Ap is a discrete valuation 
ring. The residue field of Ap is k(p), the field of fractions of A /p. By the result when d = 1, 
we may find a section x p £ X^.(^4 p ) whose image in X(fc(p)) coincides with the image of x'. 

Since X^ is an affine ^4-scheme for each j, we may now apply |(2.6.1)| to the restriction to 
Xf . of the sections {xp }; we then find the required section x £ X(*4). □ 
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3. Reductive groups 

We are going to work throughout the remainder of the paper with a local, normal, Noe- 
therian domain A. Write K for the field of fractions of A and k for its residue field. Also, write 
n £ Spec(.A) for the generic point; thus K = k(n). 

3.1. Group schemes of multiplicative type. An ^4-group scheme D is said to be diagonaliz- 
able if there is a finitely generated Abelian group such that D ~ Dp, where Dp = Spec A[T]; 
here A[T] is the group algebra of T - i.e. the algebra of those ^4-valued functions on T having 
finite support - made into a Hopf algebra as usual. An ,4-group scheme M is of multiplica- 
tive type if it is diagonalizable locally in the etale topology of A; this means that there is a 
finite, etale extension B D A such that M/g is diagonalizable. 

An .A-group scheme T is a torus if it is a group of multiplicative type and if locally in the 
etale topology of A the group T is of the form Dp where T is finitely generated and free. The 
torus T is split over A if it is isomorphic to Dp as an ^4-group scheme. 

3.2. Reductive group schemes. Recall that a group scheme G over A is said to be reductive 
provided that G is smooth and of finite type over A and that the fiber G f - is a (connected and) 
reductive algebraic group for each algebraically closed geometric point t of Spec(^l). The 
reductive G is moreover semisimple if all Gf are semisimple algebraic groups. 

If G is a group scheme and T c G is a subgroup scheme, one says that T is a maximal 
torus if it is a torus, and if Tt is a maximal torus in Gf for each point t of Spec(„4). A result of 
Grothendieck says: 

(3.2.1) . BSGA 31 Exp. XIV, Cor. 3.20]. Any reductive group has a maximal torus. 

The reductive group G is said to be split if it has a split maximal torus T. If G has a split 
maximal torus T, the root datum of G with respect to T is 7Z = (X, Y, R, R v ) where X = X*(T) 
is the character group of T, Y = X* (T) is the group of cocharacters of T, R C X is the set of 
roots, and R v is the set of coroots. We have the following existence theorem of Chevalley: 

(3.2.2) . [SGA 3l Exp. XXV, Cor. 1.2] Let TZbe a root datum. Then there is a split reductive group 
scheme over A with the root datum 7Z. 

A root datum 7Z = (X, Y, R, R v ) is said to be of adjoint type if X = ZR. Given any 
root datum, one constructs the corresponding adjoint root datum TZ^d an d the morphism 
h '■ Hoi root data, as in [SGA 3 Exp. XXI, Prop. 6.5.5]. Let G a( j be a split semisimple 

^4-group scheme with split maximal torus T' and root datum lZ a( i. 

(3.2.3) . [SGA 51 Exp. XXIII, Thm. 4.1] There is a unique morphism of A-group schemes f : G — > 
G a d which defines upon restriction toT a morphism f T : T — > T' and induces the mapping h on root 
data. 

3.3. Levi factors. Let H be a smooth and separated^ group scheme of finite type over A. 
Suppose that there exists a closed subgroup scheme L C H such that L is smooth over 

A and L° is reductive. Then we say that L is a Levi factor of H if for each t £ Spec(*4) the 
inclusion Lf C Hf induces an isomorphism of k (t) -group schemes Lj ~ Hj/R u (Hj), where 
R»(Hf) is the unipotent of Hj and t is a geometric point over t. Equivalently put: for each 
t £ Spec(_4), the subgroup Lf is a Levi factor of Hf in the usual sense of linear algebraic 
groups. 



Note that we will consider only group schemes H which are affine over A, and thus automatically separated. 
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(3.3.1). Let L c H be a Levi factor. Write i : L — > H for the inclusion, and suppose that there is a 
homomorphism p : H — > L of group schemes over A such that p o i = idi; in other words, p is a 
"retraction" . Let R = ker p. If p is smooth, then the mapping <J>:LikR^H induced by the natural 
inclusions L — > H and R — > H is an isomorphism, where L k R is the semidirect product group 
scheme. 

Proof. The kernel R = |D~ 1 (1) identifies with the fiber product H xi p Spec(*4); since p is 
assumed to be smooth, R is smooth over A. 

Since Lf is a Levi factor of Hf for each t, Of is an isomorphism for each t E Spec(.4). 
We have seen that R is smooth, so the group L ix R is smooth. Since both L k R and H are 
smooth - hence flat - over A, it now follows from [SGA 1 , Exp. I, Prop. 5.7] that O is itself an 
isomorphism. □ 

3.4. The identity component. Let again H be a smooth and separated group scheme of finite 
type over A. 

(3.4.1) . There is a smooth, normal, and open subgroup scheme H° C H which is the union of the 
connected components of the groups Hi for t G Spec(.4). 

For us, an important property of the connected component is the following: 

(3.4.2) . IfH° is reductive, then H° is closed in H. 

Proof. Since H° is reductive, there is a maximal torus T c H". Now, it follows from BSGA 31 
Exp. XIX, Thm. 2.5] that the Weyl group W = N H o(T)/C H o(T) = N H o(T)/T is (represented 
by) a finite etale group scheme over A. Since H is assumed to be a separated group scheme 
over A, it follows from ISGA 31 Exp. XVI, Cor. 1.4] that the inclusion H° C H is a closed 
immersion, as required. □ 

3.5. Central isogenics. Let G and G' be reductive groups over A. An ^-homomorphism 
/ : G — > G' is said to be a central isogeny if / is faithfully flat, finite and if ker/ is a central 
subgroup of G. If / is an etale central isogeny, observe that f s and /„ are separable central 
isogenics in the usual sense of an algebraic group over a field. 

(3.5.1). Let f : G — > G' be an etale central isogeny. Then kerf is a closed and central subgroup 
scheme ofG which is finite, etale and of multiplicative type over A. 

Proof. Let D = ker/. Since / : G — > G' is finite and etale, upon base change we see that 
D = ker f — * Spec(„4) is finite and etale as well. To see that D is of multiplicative type, we 
may replace A by a finite, etale, local extension and show that D is diagonalizable. Thus, 
using [SGA 3, Exp. XXII, Cor. 4.2.13] we may suppose that there are split maximal tori T C G 
and T C G' such that f\j factors as a morphism /j T : T — > T . Since ker / is etale over 
A, it follows from ISGA 31 Exp. XXII, Cor. 4.2.8] that ker/ = ker/| T , so that ker / is a 
closed subgroup of the torus T. It now follows from [SGA 3. Exp. VII, Cor. 3.4] that ker / is 
diagonalizable, as required. □ 

3.6. Some centralizers. Let H be a group scheme which is smooth of finite type over A. Let 
DcHbea subgroup scheme of multiplicative type. 

(3.6.1). [SGA 3, Exp. XI, Cor. 5.3] The centralizer Ch(D) and the normalizer Nh(D) are closed 
subgroup schemes which are smooth over A. 

Now suppose that G is a reductive .4-group scheme and that D C H is a smooth subgroup 
scheme of multiplicative type. 
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(3.6.2). The centralizer Cq(D) is a closed and smooth subgroup scheme whose identity component 
Cq(D)° is a reductive A-group scheme. 

Sketch. Since Cq{D) is closed and smooth over A by |(3.6,l) it suffices to show that Cc(D)- t 



has reductive identity component for each t G Spec (.4); thus, it is enough to prove the result 
when G is reductive over an algebraically closed field. In that case, D is diagonalizable, and 
arguing by induction on dim G one quickly reduces to two cases: D a torus, in which case 
Cg(D) is a Levi factor of a parabolic subgroup of G, and D a cyclic group of order invertible 
in the field, in which case the result follows from [St 68, Cor. 9.3]. □ 

Remark. In fact, the preceding result remains valid for any diagonalizable group D. It seems to 
be difficult to find a reference for this more general fact. In case D is smooth, the assertion that 
Cq{D)° is reductive may also be deduced from a result of Richardson IRi 821 Prop. 10.1.5]; I 
thank Gerhard Rohrle for pointing out this reference to me. 

(3.6.3) . There is a maximal torus of G centralized by D. Moreover, if T is any maximal torus of G 
which is centralized by D, then D C T. 

Proof. Let M = Cc(D) be the centralizer of D in M. Then by |(3.6.2)] the identity component 
M° is a reductive subgroup scheme, hence M° contains a maximal torus T |(3.2.1)| It follows 
from [SGA 3, Exp. XII, Prop. 1.17] that X is a maximal torus in G as well. 

Since D is central in M, BSGA 31 Exp. XII, Lem. 4.5] shows for any maximal torus T of M° 
that the inclusion DcM factors through T; i.e. D is a subgroup scheme of T as required. □ 

(3.6.4) . Let T C Gbea torus. Then Cq{T) is a closed and reductive subgroup scheme. 

Proof. In view of (3.6.2)] it only remains to show that Cq(T) = Cq(T)° , i.e. that Cq(T) x is 



connected for every x G Spec(^l); that requirement follows e.g. from [SGA 3, Exp. XIX, §1.3] 
or from (Sp98} Theorem 6.4.7]. □ 



3.7. The derived group. Let Der(G) be the derived subgroup scheme of G. Then: 

(3.7.1) . [SGA 3, Exp. XXII, Thm. 6.2.1] Der(G) is a closed, normal subgroup scheme which is 
smooth and semisimple over A. 

(3.7.2) . [SGA 3] Exp. XXII, Prop. 6.2.7] If T is a split maximal torus of G, there is a maximal torus 
V c Der(G) contained in T. 

3.8. Good and very good primes. Let f denote an arbitrary field, and let H be a geometrically 
quasisimple algebraic group over f with absolute root system R. The characteristic p of f is 
said to be a bad prime for R in the following circumstances: p = 2 is bad whenever R 7^ A r , 
p = 3 is bad if R = G2, F4, E r , and p = 5 is bad if R = Eg. Otherwise, p is good. [Here is a 
more intrinsic definition of good prime: p is good just in case it divides no coeficient of the 
highest root in R]. 

If p is good, then p is said to be very good provided that either R is not of type A r , or that 
R = A r and r j£ — 1 (mod p). 

If H is reductive, one may apply HKMRT1 Theorems 26.7 and 26.8] to see that there is a 
possibly inseparable isogeny 

(1) Txf[Hi^H 

i=i 



2 

The absolute root system of G is the root system of G/j sep where f sep is a separable closure of f. 
^| KMRT [ only deals with the semisimple case; the extension to a general reductive group is not difficult to handle, 
and an argument is sketched in the footnote found in |MT 07 §2.4]. 
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for some f-torus F and some r > 1, where for 1 < i < r there is an isomorphism H, ~ i?£./jj, 
for a finite separable field extension Ej/f and a geometrically quasisimple, simply connected 
E/-group scheme /,; here, R^/tJi denotes the "Weil restriction" of J, to f. 

Then p is good, respectively very good, for H if and only if that is so for /, for every 
1 < i < r. Let f a ig be an algebraic closure of F. Since the groups /;/f alg are uniquely determined 
by Ef/fj up to central isogeny, the notions of good and very good primes depend only on 
the group FT/j alg , and these notions depend only on the central isogeny class of the derived 
group of H /fa]g 

Let now G be a split semisimple scheme over A with split maximal torus T and correspond- 
ing root datum 1Z. Suppose that the characteristic of the residue field k is very good for 
G s = G /£■ For any point t of Spec(A), either the characteristic of k(t) is zero, or is the same 
as the characteristic of k; thus also the characteristic of k{i) is very good for Gf. 

(3.8.1). Let f : G — > G a( j be the morphism of \(3.2.3)\ where G a( ± is the A-group scheme with the root 
datum lZ a d- Then f is an etale central isogeny. 

Proof. That / is a central isogeny follows from [SGA 3, Exp. XXII, Prop. 4.2.10]. To see that 
/ is etale, it suffices by BSGA 1 . Exp. I, Cor. 5.9] to observe that the mapping ft : Gt — > G a & /t 
is etale for each t in Spec(A). In view of our assumptions on the characteristic, one may 
use the descriptions found in [Hu 951 0.13] to see that the tangent mapping dft must be an 
isomorphism, whence the required assertions. □ 

3.9. Strongly standard reductive group. Consider reductive groups H over A which are 
direct products 

(*) H = H 1 x s T 

where T is a torus over A, and where Hj is a semisimple group over A such that the char- 
acteristic of K is very good for H\/y. and such that the characteristic of k is very good for 

Hi /jt- 
Let G be a reductive ^l-group. Then G will be said to be D -standard if there exists a re- 
ductive group H of the form (*), an ^4-subgroup D C H of multiplicative type, and an etale 
.A-isogeny between G and the A-group Ch(E>)°|j. 

Similarly, G will be said to be T -standard if there exists a reductive group H of the form (*), 
an A-torus F C H, and an etale A-isogeny between G and the smooth reductive A-group 
Qi(F). 

Of course, any F-standard group is D-standard. 

Remark. Let f be a field. In [Mc 05], the term strongly standard reductive group was used for 
what we call here a F-standard group scheme over f. In |MT 07], the term strongly standard 
reductive group was used for what we call here a D-standard group scheme over f . 

We have evidently 

(3.9.1) . If G is D-standard, respectively T-standard, then for t £ Spec(A), the fiber Gt is D-standard, 
respectively T-standard. 

(3.9.2) . Let G be a D-standard reductive group over afield f, let g 6 G(f) and X 6 g(f). Then the 
centralizers Cc{g) cmd Cq(X) are smooth ^-subgroup schemes ofG. 

Proof. 1MX07J Prop. 12]. □ 

^If there is such an isogeny, then Ch(D)° is of course reductive, so the definition is independent of |(3.6.2)] in 
particular, there is no need to insist in the definition that D be smooth. 
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(3.9.3). Let £ be a free A-module of finite rank n. Then the reductive A-group GL(£) is T-standard 
(hence also D-standard). 

Sketch. Indeed, let p denote the characteristic of the residue field k. If p — 0, nothing needs 
to be said, so assume p > 0. If n ^ (mod p) then H = SL(£) x G m is of the form (*), and 
multiplication defines an etale isogeny H — > GL(£). 

If n = (mod p), then H = SL(£ © .A) has the form (*), and GL(£) is isomorphic to the 
centralizer in H of a suitable split *4-torus S C H. □ 

3.10. Parabolic subgroups. Let G be a reductive group scheme over A, and let P C G be an 
^4-subgroup scheme. One says that P is an A-parabolic subgroup scheme of G if P is smooth 
over A and if Pt is a parabolic subgroup of Gf for each point t of Spec (A). 
We recall the following: 

(3.10.1) . [SGA3, Exp. XXVI, Cor. 3.5]. Consider the functor Par defined for commutative A- 
algebras A by the rule 

Par(A) = set of all A-parabolic subgroup schemes o/G/a- 

Then Par is (represented by) a smooth and projective scheme over Spec(«4). 

(3.10.2) . Let P,Q C G be A-parabolic subgroup schemes, and write n for the generic point of 
SpecU:. 

(a) IfP n = Qrj, then P = Q. 

(b) If P,j and are conjugate by an element of G{k{n)), then P = lnt(g)Q for a section g £ 
G(A). 



Proof. For (a), note first that by |(3.10.T) the scheme Par of parabolic subgroups of G is projec- 



tive - hence in particular, separated - over A. Thus if the restrictions of two .A-sections of Par 
to the dense open subset {n} C Spec(.4) coincide, then the sections coincide by BLi 021 Prop. 
3.3.11]. 

For (b), let /3(Dyn(G)) be the scheme of types of the parabolic subgroup schemes of G, and 
for an ^l-parabolic subgroup scheme P of G, we will write t(P) £ jS(Dyn(G)) (A) for the 
type of P; cf. ISGA 31 Exp. XXVI, Defn 3.4]. Thus t_ : Par -> 0(Dyn(G)) is a morphism of 
schemes. Since {n} is dense in Spec(^4) and since P r/ and Q v are G(fc(?/))-conjugate, it follows 
that f (Q) = t (P). Since A is local, assertion (b) now follows from ISGA 3[ Exp. XXVI, Cor. 
5.5]. " □ 

(3.10.3). Assume that A has dimension 1; i.e. assume that A is a discrete valuation ring. If Q C 
G,j = G/x is a K-parabolic subgroup, there is a unique parabolic A-subgroup scheme P c G inducing 
Q on base-change - i.e. Q = P, ? . 

Proof. Indeed, uniqueness follows from |(3.10.2)[ a). Since the scheme Par of parabolic sub- 



groups of G is projective (3.10.1) and since A is a discrete valuation ring, it follows that its 



X-points are the same as its ^4-points ILi 021 Theorem 3.3.25]. □ 



The validity of (3.10.3) indeed requires some hypothesis on A. Notice that if G = GL2, 
then the scheme of Borel subgroups of G identifies with the projective line P\. If A: is a field 
and A is the 2 dimensional (regular, hence normal) local domain A = k[x,y]( x ^y then the 

X-point (x : y) £ P\(K) does not determine an ^l-section of P^. 
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3.11. Cocharacters and parabolic subgroups. If H is an algebraic group over a field f, a 
cocharacter of H is an f-homomorphism G m —> H. In this paper, we will be interested more 
generally in homomorphisms of group schemes from the multiplicative group to a given 
group. 

Let H be an *4-group scheme, consider a representation of H on a free .A-module of fi- 
nite rank V given by the comodule map p : V — > V *A[H]. If (p : G m —> H is an A- 
homomorphism of group schemes, one obtains a representation of G m on V with co-module 
map (1 (g> (p*) o p : V — > V ®^ .4[G m ] = V <S>a A\t, t ]. One now finds a direct sum decom- 
position V = 0nez Vity n ) where V(<p; n) is the n-weight space; i.e. 

V(<p;n) = {veV\ (l(g>(p*)op(v) = v®t n }. 

We apply this especially when H is smooth and of finite type over A, so that t) = Lie(H) is a 
free „4-module of finite rank on which H acts by the adjoint representation. 

As to the existence of ^-homomorphisms G m — ► H, we first note that since the domain A 
is assumed to be normal, we have: 

(3.11.1) ([SGA 3, Exp. X, Lem. 8.4]). Let D,H be group schemes over A, where D is of multiplicative 
type, and H is smooth. Let (p : H,j — > be a homomorphism of group schemes over K = k(rj). Then 
there is a unique homomorphism ip : H — > D of group schemes over A such that <p = ipq. 

An immediate consequence is the following: 

(3.11.2) . Let T be an A-torus, and let tp : G m „ — > T^be a cocharacter over k{rj) = K. Then there is 
a unique A-homomorphism of group schemes ip : G m — > T such that <p — ip«. 

Let again G be a reductive group scheme over A. Suppose now that <p : G m — ► G is an 
^4-homomorphism of group schemes. Composing (p with the (left) regular representation of 
G, the algebra A[G] becomes a locally finite representation of G m ; let us write it as the direct 
sum of its weight spaces 

neZ 

Form the ideal J generated by E n> o *4[G]„. Then P(cp) = Pg(<P) = Spec(^4[G] / J) is a closed 
subgroup scheme of G. 

(3.11.3) . P((p) = Pd^) is a parabolic subgroup scheme of G with Lie P((p) = 0„>ofl(^/ M )- 



Proof. It follows from ]Sp 98 Prop. 8.4.5 and Theorem 13.4.2] that P = P{(p) determines a 



parabolic subgroup of each fiber upon base-change; in particular, Pf is smooth over k(t) for 
each t G Spec(^l). To see that P is smooth over A, we may first replace A by an etale local 
extension and thus suppose the image of <p to lie in a split maximal torus of G. Then P is a 
standard parabolic and hence smooth. □ 

Let P be any parabolic subgroup scheme of G. 



(3.11.4). [SGA 3, Exp. XXVI, Prop. 1.6]There is a largest normal subgroup scheme R = R U (P) C P 
which is smooth over A and has connected and unipotent geometric fibers. The geometric fiber Rj is 
the unipotent radical of Pj for each t 6 Spec(^l). IfP = P(cp)foran A-homomorphism <p : G m — > G, 
then Lie R U (P) = 0„> o fl(</>; ")• 

Recall from 33.31 that by a Levi subgroup scheme of P we mean a closed and smooth sub- 
group scheme L C P such that L° is reductive and such that Lf is a Levi factor of Pf for each 
t G Spec (.4). Since A is assumed to be local, we have: 
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(3.11.5). [SGA 3, Exp. XXVI, Cor. 2.3, 2.4] P contains a Levi subgroup scheme, and P contains a 
maximal torus. 



Using |SGA 3, Exp. XXVI, Prop. 1.6], we see that the conditions of (3.3.1) hold; thus P is 



isomorphic to the semidirect product L x R U (P) for any Levi factor L of P. 

In fact, we can be a bit more precise regarding Levi subgroups and maximal tori, as follows: 

(3.11.6). If P = P{<p) for some A-homomorphism <p : G m — > G, then the centralizer in G of the 
image ofcp is a Levi subgroup scheme of P. 

Proof. Write L for the centralizer of the image of <J>. Then L is a closed subgroup scheme of P, 
and according to |(3.6.2j L is smooth over A. Using [Sp 98 Theorem 13.4.2] we see that L is 



indeed a Levi subgroup scheme of P. □ 

(3.11.7). IfT c P is a maximal torus, then P = P{<p) for some A-homomorphism <p : G m — > T. In 
particular, there is a Levi subgroup scheme L C P which contains T. 

Proof. If t] denotes the generic point of Spec(*4), one knows that P,j is the parabolic subgroup 
determined by some cocharacter cp$ of the maximal t orus T, ? c P, 7 (see e.g. [Mc 05 . Lem. 



6]). Since T is an ,4-torus and since A is normal, use (3.11.2) to find an „4-homomorphism 



(p : G m -> T such that cj) = <p v . It follows from |(3.10.2)l a)lhat P = P(<p). Finally, pH~6) 



gives the required Levi subgroup scheme of P. □ 

4. NlLPOTENT ELEMENTS AND THE INSTABILITY PARABOLIC OVER A FIELD 

In this section, we let f be an arbitrary field, and we suppose that G is a D-standard reduc- 
tive group over f with Lie algebra g. Let X G g(f) be a nilpotent element. 

4.1. Associated cocharacters. We write X* (G) for the collection of f-homomorphisms G m — > 
G. If Y G X* (G), recall that - as in 13. Ill - we may write g = ©„ e z sC?', n ) where we regard 
the Lie algebra g as a G-module via the adjoint representation. 

A cocharacter Y G X*(G) is said to be associated with X (see [fa 04| §5]) if the following 
conditions hold: 

(Al) X G (Y;2),and 

(A2) there is a maximal torus S of Cq(X) such that Y G X*(Li) where L = Cq(S) and 

L\ = (L, L) is its derived group. 
By regarding the nilpotent element X as an unstable vector in the G-representation g and 
using the notions of optimal cocharacters and the instability parabolic due to Kempf and to 
Rousseau, one finds: 

(4.1.1). Let X G 2 be nilpotent. 

(a) There is a cocharacter Y associated with X. 

(b) J/Y is associated to X, then C G (X) C P(Y). 

(c) The unipotent radical ofC = CQ (X) is defined over F, and is an f-split unipotent group. 

(d) If the cocharacter Y is associated with X, then L = CD Cg(Y(G,„)) is a Levi factor ofC. 

(e) If Y, $6X,(G) are associated with X, then Y = Int(x) o <S>for a unique x G U(K). 

(f) The parabolic subgroups P(W)for cocharacters Y associated with X all coincide. 

Proof. In the "geometric case" - when f is algebraically closed - (a) is essentially a conse- 
quence of Pommerening's - and more recently, Premet's - proof of the Bala-Carter theorem; 
Premet's proof | Pr 03 1 avoids case analysis and uses results of geometric invariant theory due 
to Kempf and Rousseau. Working over any ground field f, (a) is in |Mc 04, Theorem 26]. Now 
(b) is |ja"04] Prop. 5.9]. (c) and (e) follow from parts (3) and (4) of IMc 051 Prop/Defn 21]. (d) 
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is essentially a consequence of results in [Pr 03J; see [Mc 04, Cor. 20 and Cor. 29]. Finally, (f) 
is [Mc05| Prop/Defn 21(5)]. □ 



We write Px for the common parabolic subgroup of part (f) of (4.1.1) we say that Px is the 
instability parabolic subgroup attached to X. 

4.2. The stabilizer of the line through X. Let N G (X) C G be the stabilizer of the line [X] e 
P(fl), where P(jj) denotes the projective f-variety formed from the vector space g. Then: 

(4.2.1) . IIMc 04[ Lem. 23] N G (X) is a smooth ^-subgroup ofG. 

Of course, any cocharacter of G associated to X is a cocharacter of N G (X). A more precise 
version of |(4.1.1)| a) is as follows: 

(4.2.2) . IIMc 041 Lem. 25] Let S be a maximal torus of N G (X). Then there is a unique cocharacter of 
S which is associated to X. 

4.3. Almost associated cocharacters. Let Px be the instability parabolic subgroup attached 
to X, let O be a cocharacter of G, and let f sep be a separable closure of f. We say that <I> is 
almost associated to X provided that Int(g) o <& is a cocharacter of G/j sep associated to X for 
someg e Px(fsep)- 

(4.3.1) . Let S C Px be a maximal torus. Then there is a unique cocharacter O of S which is almost 
associated to X. The cocharacter O is associated to X if and only if S contains a maximal torus of 
N G (X). 

Proof. For the existence of O, let Si be a maximal torus of N G (X), and let So be a maximal 
torus of P containing S\. Then S and S\ are maximal tori of P and hence are conjugate by 
an element g € P(f se p). If Y is the cocharacter of Sj associated to X, then Int(g) o Y is a 
cocharacter of S which is almost associated to X, as required. 

We now argue the uniqueness. Since <J> is P(f se p)-conjugate to a cocharacter associated 
to X, one knows that <!> is an optimal cocharacter for the unstable vector X in the sense of 
geometric invariant theory; cf. [Mc 04j §3]. Thus the unicity is a consequence of the result of 
Kempf and of Rousseau; cf. IIMc 041 Prop. 13(4)]. 

The remaining assertion is clear. □ 

(4.3.2) . If the cocharacters <J>, Y are almost associated to X, then 

Efl(T;;) = Es(*;/). 

/>2 ;>2 

Proof. Indeed, we have <t> = Int(g) o Y for some g E P(fsep)/ so the assertion follows from the 
fact that E/>2 (Y; /) is Ad(P)-stable. □ 

We have: 

(4.3.3) . Let Y be a cocharacter ofG which is almost associated to X. 

(a) The Ad(P x )-orbit ofX is dense in YLj>2 0(Y;/). 

(b) Write X = E/>2 X ; with x j e flO^;/). Then x is Ad(P)(f) -conjugate to X 2 , and Y is a 
cocharacter associated to X 2 . 



Proof, (a) follows by combining (4.3.2) with |Ja 04, Prop. 5.9(c)]. 



The conjugacy statement of (b) follows from IMc 041 Prop. 34]. It is then clear that Y is 
almost associated to X 2 . Since Y is a cocharacter of a maximal torus of Nx 2 , it follows from 



(4.3.1) that O is associated to X 2 . □ 
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In particular, |(4.3.3)| b) implies: 

(4.3.4). If the cocharacter Y is almost associated with X and ifXE £)(Y; 2), then Y is associated with 
X. 

4.4. The Bala-Carter theorem. For a D-standard reductive group over a field f, the geometric 
nilpotent orbits - i.e. the nilpotent orbits of G - are described by the Bala-Carter theorem. 
Let us suppose that f = f se p- 

Recall that a parabolic subgroup P C G is distinguished if 

dim P I U = dim U / ( U, U) + dim Z 

where U is the unipotent radical of P, and Z is the center of G. A nilpotent element X G g is 
said to be distinguished if a maximal torus of C = Cq(X) is central in C; if X is distinguished, 
then the instability parabolic subgroup Px is distinguished. 

Each parabolic subgroup has an open orbit - known as the Richardson orbit - on Lie R U P', 
any element of this orbit is known as a Richardson element for P. 

We have the following important theorem: 

(4.4.1). (The Bala-Carter theorem) Let Lbe a Levi factor of a parabolic subgroup of G, and let P C L 
be a distinguished parabolic subgroup of L. The map which associates to (L, P) the G-orbit of a 
Richardson element for P determines a bijection between the G-orbits of such pairs (L, P) and the 
G-orbits on nilpotent elements in Lie(G). 

This theorem was originally proved by Bala and Carter in the case where p is "very large". 
Pommerening gave a proof in good characteristic, using some case analysis in a few situa- 
tions. Premet [Pr 03 J gave recently a short and conceptual proof of this theorem. See also 
IJa04}§4]. 



If the orbit of a nilpotent element X G Lie(G) corresponds via the Bala-Carter theorem to 
the pair (L,P), then the G-orbit of (L,P) - or, abusing terminology somewhat, just the pair 
(L, P) - is said to be the Bala-Carter datum for X. 

(4.4.2). Let f and f be algebraically closed fields of the same characteristic, suppose that G and G' are 
D-standard reductive groups respectively over f and f with identical root data, let X G Lie(G) and 
X' E Lie(G') be nilpotent elements with the same Bala-Carter datum, and let C, C be their respective 
centralizers. Then: 

(1) the root datum of a Levi factor ofC identifies with the root datum of a Levi factor ofC', and 

(2) C/C° ~ C'/C'°. 

Proof. Indeed, we may choose an algebraically closed field f" containing both f and f. We 
thus see that it suffices to prove the result when f C f. 

But then the Bala-Carter theorem implies that X and X' are conjugate by an element of G', 
and the result is immediate. □ 

5. Nilpotent sections and the instability parabolic over A 

In this section, let G be a D-standard (see §[3j reductive group scheme over A. 

5.1. Equidimensional nilpotent sections. Let X G q{A) be a section of the Lie algebra 
g = Lie(G), and let Cq(X) = Stabc(X) be the centralizer of this section; cf. Q2.3\ On base 
change, the group Cc(X)f is the centralizer of X(f ) in the algebraic group Gf for each point t 
of Spec(^l) ; according to |(3.9.2) each group Cq (X) t is smooth over k(t) . In general, however, 



the group scheme Cq(X) will not be smooth - or even flat - over A. 

We say that X is nilpotent if the value of X at the generic point n G Spec(^4) is nilpotent ■ 
i.e. if X(n) G g(K) is nilpotent. 
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(5.1.1) . // X zs nilpotent, then also the value X(t) G g(fc(f)) is nilpotent for each point t G Spec(^4). 

Proof. Let A denote the regular representation of G on ^4[G]. Since G is reductive, it is by 
definition smooth - and in particular, flat - over A. Since the coordinate algebra A[G] is a 
flat „4-module, we may regard A[G] as a subring of K[G]. Since X is nilpotent, the opera- 
tor a{rj) = d\(X(f])) : K[G] — > K[G] is locally nilpotent; i.e. for each / 6 K[G], we have 

a{v) N{f) f = for some N(f ) > 0. 

Let t G Spec(^4), and consider the localization At = Ap where p C A is the prime ideal 
that "is" the point t. Then we have A[G] C At[G] C K[G], and a(//) restricts to a locally 
nilpotent endomorphism a of A[G] and of At [G] . Since fc(f ) is a quotient of A/ it follows that 
a(t) = dA(X(t)) : k(t)[G] — > fc(f)[G] is locally nilpotent, so that X(f) is indeed nilpotent as 
required. □ 

We say that a nilpotent section X G q{A) is equidimensional if dim C G (X)j is constant for 
each t G Spec {A). For example, if G = GL3 and A is a discrete valuation ring with uni- 
formizing element 71, consider the nilpotent sections 

Xi 

Then Xi is equidimensional, while X 2 is not. 

(5.1.2) . Let i),se Spec(„4) be respectively the generic point and the closed point. If 

dimC G (X) v = dimC G (X) s , 

then X is equidimensional. 

Proof. Since C G (X) is the fiber product G x Spec(_4), it is a scheme of finite type over A. 
The assertion now follows from |(2.5.2)| □ 

5.2. Smoothness. If £ is a free ,4-module of finite rank d, we can regard £ as an ,4-scheme 
isomorphic to A rf . Moreover, we may consider the _4-scheme P(£) given for each commuta- 
tive „4-algebra A by 

P(£) (A) = set of those A-direct summands of C <8>yi A having rank 1. 

Then P(£) is isomorphic to P^ 1 . For each s G Spec (.4), the scheme P(£)s obtained by 
base-change is just the projective space of the fc(s)-vector space C s = C ®_4 k(s). 

We are going to consider the .4-schemes g and P(g) where g = Lie(G). Of course, G acts 
on g by the adjoint representation. If Y G 2(A), we write Cq (Y) for the stabilizer Stab G (Y) of 
the sections Y. 

The adjoint action of G on g determines also an action of G on the projective space P(g). 
If Y G g(^4) is a section whose image in g(k) is non-zero, where k is the residue field of A, 
then .4Y is an „4-direct summand of g(-4), so it determines a section [Y] G P(g) (.4). We write 
N G (Y) = Stab G ([Y]) for this stabilizer. 

Let X G g(»4) be a non-zero equidimensional nilpotent section. Since X is equidimen- 
sional, evidently X(s) ^ 0; thus X determines a section [X] G P(g)(4). 

Proposition. The subgroup schemes C G (X) and N G (X) of G are smooth over A. 

Proof. For each t G Spec(*A), we know that the dimension of N G (X)f is one more than the 



dimension of C G (X)j; cf. [Ja04, §5.3]. We know from |(3.9.2)1 that C G (X) f is smooth, and it 
follows from [Mc 04, Lem. 23] that N G (X)f is smooth. Thus the Proposition follows from 
|(2.3.2)| using equidimensionality. □ 
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5.3. Richardson sections. Let X = A" z be affine w-space over Z for some n > 1, and let 
S = {p\, . . ., p n } be a finite set of n distinct prime numbers. We regard the p, as points of 
Spec(Z), and we write £ for the generic point of Spec(Z). 

Suppose that we are given an open Q-subscheme !ig of the generic fiber X?, and that for 
each p 6 S, we are given an open F p -subscheme Up of the fiber Xp. 

For a regular function / £ Z [X] and a field E, we write /g for the corresponding regular 
function / (g) 1 in E[X] = Z[X] £g> z E. 

(5.3.1) . Xfrere is a regular function f £ Z[X] swcfa i/zaf 

(i) fixe distinguished open subset of X^ determined by the non-vanishing of /q is contained in 
Uq, and 

(ii) /or p £ S, f/ze distinguished open subset of Xp determined by the non-vanishing of is 
contained in Up. 

Proof. Let g 6 Q [X] be a regular function such that the distinguished open subset D (g) of Xj 
determined by the non-vanishing of g lies in fig . We may evidently replace g by a non-zero 
integer multiple without changing D(g); since Z[X] = Z[T\, . . ., T n ] is a factorial domain, we 
may suppose that g £ Z[X] and that the image of g in F p [X] is non-zero for each prime p. 

For p £ S, let £ F p [X] be a non-zero regular function such that the distinguished 
open subset D(hp) of Xp determined by h p lies in the open subscheme Up. Since the natural 
mapping Z[X] — > FLeS FpIXI ^ s surjective by the Chinese Remainder Theorem, we may find 
h £ Z[X] whose image in F p [X] is hp for each p £ S. 

Now put / = g • h £ Z[X]. Then for each p £ S, the image /f is non-zero; since hp \ fy , 
the distinguished open subset of Xp determined by the non-vanishing of /p is contained in 
Up. Moreover, since g \ f = /q, the distinguished open subset of X^ determined by the 
non-vanishing of /q is contained in Uq, as required. □ 

Let now A be a local, normal, Noetherian domain, and suppose that G is a split reductive 
group over A, with split maximal torus T. 

(5.3.2) . Let P c Gbea parabolic subgroup scheme containing T. 

(a) There is a regular function f £ ^4[Lie(R„P)] such that for each t £ Spec(^4), the distin- 
guished open subset of the k{t)-scheme Lie(R„P)f determined by the non-vanishing of f^ 
is contained in the Richardson orbit ofPt on Lie(R u P)t- 

(b) If the residue field of A is infinite, there is a section X £ Lie(R i( P)(^l) such that X(f) is a 
Richardson element for Ptfor each t £ Spec(^4). 

Proof. There is a split reductive group scheme Go over Z and a split maximal torus To such 
that G = G /.4 and T = Tq/^. 



Now choose an A-homomorphism <p : G m —> T such that P = P((p) as in (3.11.7) Since Tg 
is a split torus over Z, there is a Z-homomorphism ip : G m — > Eg such that <p = ip/A- Writing 
Pg for the parabolic Z-subgroup scheme of Go determined by xp, we have P = Po/A- 

On the geometric fibers, it follows from the finiteness of the number of nilpotent Gg p- 
orbits^in Lie(Go)p that Pg /P has an open orbit (the Richardson orbit) in Lie(R J( (Pg))p for each 
p £ Spec(Z). Using |Sp 98, Prop. 11.2.8] one knows that this open orbit is obtained by base 
change from an open A:(p)-subscheme for each p £ Spec(Z). 



''That finiteness is true in all characteristics, though the proof in bad characteristic is "case-by-case" at present. 
See pa04] §2.8], 
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Let p denote the characteristic of the residue field of A; if p > 0, let S = {p}; otherwise, 
let S = 0. Now use (5.3.1)| applied to X = Lie(R u Po) and the set S to find a regular function 



/ E Z[Lie(R i( Po)] whose image in ^4[Lie(R„P)] has the required properties. This proves (a). 

For (b), since k(s) — k is infinite, where s E Spec(*4) is the closed point, one may choose 
an element Y E Lie(R u P)(k) such that the regular function fa does not vanish at Y. Let 
X E Lie(Rj,P) (A) be any section such that X(s) = Y. Then evidently the value /(X) is a unit 
in A; it now follows from (a) that X(f) is a Richardson element for Pt for each t E Spec(*4), 
as required. □ 

5.4. Existence of equidimensional nilpotent sections. Assume throughout this section that 
A is a normal, local, Noetherian domain with infinite residue field k, and that the reductive 
group scheme G is split over A, with split maximal torus T c G. We suppose that G is 
D-standard. 

Let L c G be a Levi factor of some parabolic subgroup scheme of G, and suppose that 
T C L. We remark that L itself is D-standard. 

Since T is a split torus, we may choose an isomorphism T ~ D^(X) where X = X(T) is 
the free Abelian group Z'; then X(T) identifies with the group of characters Hom^(T, G m ). 
From the roots of L with respect to T, choose a system of positive roots R + C X and a basis 
of the roots TI c R + . 

Now write Der(L) = L' for the derived subgroup scheme as in 13.71 and write T' for the 



maximal split torus of L' contained in T; cf. (3.7.2) Then X(T') contains ZR as a subgroup of 
finite index. 

(5.4.1) . Let Qq c Ltbe a distinguished parabolic subgroup containing Ttfor some t E Spec(^4). 

(a) There is a parabolic subgroup scheme Q C L such that Qq = Qt. 

(b) Qx is a distinguished parabolic subgroup ofL x for every x E Spec (.A). 

(c) Let I c Tlbe defined by the condition a E I -x=> Lie(Qo)- a 7^ 0. Then there is a unique 
A-homomorphism (p : G m — »• T such that (a.,cp) = 2 for a E TI — I and (oc,(p) = for 
a E 1. Moreover, Q is the parabolic subgroup ofL determined by (p. 

Proof. Since L is D-standard, the characteristic of k(x) is good for the derived group of L x for 
every x E Spec(*4). It then follows from | |Ja 04} Lem. 5.2] that the homomorphism ZR — > Z 
given by the rule in (c) determines an ^4-homomorphism (p : G m — > T' . 

Let Q be the parabolic subgroup of L determined by (p. (a) is then clear, and (b) follows 
from lJa"04] §4.10(2)]. ' □ 

(5.4.2) . Let (p : G m — > T be the cocharacter of \(5.4.1)[ c). There is a section 

X E Lie(L)(cp;2)(A) 

such that 

(a) X(f) is a Richardson element for Qt, 

(b) (pt is associated with X(f), and 

(c) the Bala-Carter datum ofX(t) is (L t , Qt). 

for each t E Spec(^l). Moreover, X is an equidimensional nilpotent section o/Lie(G). 

Proof. Since the residue field of A is assumed to be infinite, we may use |(5.3.2)l to find a section 
Y E Lie(R t ,Q)(^l) such that Y(f) is a Richardson element for Qt for each t E Spec(^l). 

It follows from |Ja 04] Lem. 5.2 and Lem. 5.3] that (pt is almost associated with X(t) for 
each t E Spec(^l). 
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Since Q is the parabolic subgroup determined by (p, we know that 

Ue(R lt Q) = £Lie(L) (</>;;). 

i>l 

Thus, we may write Y = Ya>i Yi with Y,- 6 Lie(L) ((p : i) (A). 



It follows from (4.3.3) that for each t £ Spec(_4), the element Yi{t) is Richardson for Qt, 
and the cocharacter (pt is associated with Y?(f); in particular, if we set X = Y2 then (a), (b), 
and (c) hold for X. 

Write P for the parabolic subgroup scheme P((p) C G. Since (pt is associated with X(t) 
for each t £ Spec(.A), we know P f to be the instability parabolic of X(f), so that - by |(4.1.1)| 
- we have Cc(X) t C Pt for each point t of Spec(^4). Now, the P r orbit of X(f) is dense in 
E/>2 s(<P'j)t by 1(4.3.3)] It follows that the centralizer of X in P has constant dimension on the 
fibers of Spec (.4), so that X is indeed equidimensional. □ 

Theorem. Lett £ Spec(A) andletY £ Q(k(t)) be a nilpotent element. Then there is a Levi subgroup 
scheme L of a parabolic subgroup scheme of G, an A-homomorphism O : G m — > L, and a nilpotent 
section X £ Lie(L) (<3>; 2) (,A) /or w/zzc/j the following conditions hold: 

(a) X is an equidimensional nilpotent section of q, 

(b) X(f ) z's Gf-conjugate to Y, 

(c) /or each u £ Spec(„4), tTze Bala-Carter datum ofX(u) is (La, Qa), where Q is the parabolic 
subgroup scheme Pl(<&) ofL determined by O. 

(d) P u is the instability parabolic of G u determined by X(u) for each u £ Spec(^l), where P = 
Pg( < J ) ) is the parabolic subgroup scheme of G determined by <J>. 

In particular, O,, is a cocharacter of G u associated with X(u)for each u £ Spec(„4). 

Proof. Recall that T is a fixed split maximal torus of G. Suppose that (Lg, Qo) is the Bala-Carter 
datum of Y; thus Lq is a Levi subgroup of a parabolic subgroup of Gf, Y is distinguished in 
Lie(Lo), and Qo is a distinguished parabolic subgroup of Lq. Since we work up to geometric 
conjugacy, we may as well suppose that Lq is defined over k(t), that L$ contains Tf, and that 
Tf contains a maximal torus of the centralizer in G of Y. This last condition shows that Lq is 
the centralizer of the image of some cocharacter of Tf . Since T is a split torus, this cocharacter 
arises by base change from an .4-homomorphism <J> : G m — > T; in view of |(3.11.6)} there is a 
Levi subgroup scheme L of a parabolic subgroup scheme of G for which Lf = Lo- Now use 
(5.4.1)| to see that Q = Pl( ( I ) ) is a distinguished parabolic subgroup scheme of L for which 



Qt is Ly conjugate to Qq. Finally, use |(5.4.2) to find an equidimensional nilpotent section 



X £ Lie(L)(4>;2)(^4) for which X(u) has Bala-Carter datum (L u , Q u ) for each u £ Spec(^l). 
Then X(f) is Gf-conjugate to Y. Thus (a), (b) and (c) hold. 

By |(5.4.2)) <!>„ is a cocharacter of G„ associated with X(u) for each u £ Spec(^l). Denoting 
by P the parabolic subgroup scheme Pc(cp), we conclude that P u is the instability parabolic 
of X(u) for each u £ Spec(*4); thus (d) holds as well. □ 

5.5. The instability parabolic of X. Let X £ q(A) be an equidimensional nilpotent section. 
Let n £ Spec(^l) be the generic point, and let Po C G, ? by the instability parabolic subgroup 
determined by X(r/). 

Proposition. There is a unique A-parabolic subgroup scheme P C G such that Pq = P^. 
Proof. Unicity follows from (3.10.2)[ a). For existence, first suppose that A is a discrete valua- 



tion ring. In that case the conclusion of the Proposition is a consequence of (3.10. 3)| 



Since the scheme Par of parabolic subgroups of G is projective |(3.10.1) the Proposition 



now follows in the general case from |(2.6.3)| □ 
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Remark. The conclusion of the Proposition has already been observed for the nilpotent sec- 
tions obtained using Theorem l5.4l 

5.6. Etale local existence of associated cocharacters over A. With notation as before, write 
P C G be the parabolic subgroup scheme for which P^ is the instability parabolic of X(t]). 

(5.6.1). (i) There is an A-homomorphism <& : G m — > P such that the cocharacter <J>^ is almost- 
associated with X(n). 

(ii) For each t 6 Spec(.4), the Pt-orbit ofX(t) is separable and dense in YU>2 fl(^ Of- 
Proof. Using (3.11.5)} we choose a maximal torus T C P. Let <J>q be the unique cocharac- 



ter of which is almost-associated to X(iy). It follows from [(3~11.2)| that there is an A- 
homomorphism O : G m — > T inducing <J>o on base-change; this proves (i). 

We now prove (ii). Since is almost associated with X{n), the P, ? -orbit oiX{n) is dense 
m Li>2 0(^/)i? by |(4.3.3)1 m particular, X may be regarded as an „4-section of E;>2 S^/) 
and so X(f) is a section of L/>2 0( 1 f;/)f- 

Write d for the ,4-rank of the free ,4-module YLi>2Q(^'ij)- Since the centralizer of X(n) in 
Grj is contained in P^, we have by assumption that 

dimP,j — dim Cq(X)^ = d. 

Now, we certainly have dimCp(X)f < dimCc(X)f. Since the Pf-orbit of X(t) lies in 
X];>2 0(*¥'/j)tt and since X is equidimensional, this orbit has dimension 

dimPf — dim Cp(X)t > dimPf — dim Cc(X)t = d. 

For dimension reasons, we conclude that the Pf-orbit of X(f) is dense in YLi>2 i)t- Since 
Cg(X)t is smooth [(3.9.2)| the dimension of the centralizer of X(f) in the Lie algebra gt co- 
incides with dim Cc(X)f. It follows that the dimension of the centralizer of X(t) in the Lie 
algebra Lie(P)t must coincide with dim Cp(X)f, so that the Pf-orbit of X(f ) is indeed separa- 
ble. ' □ 

Let M be a free „4-module of finite rank, and write = M Cg>_4 K. 

(5.6.2). IfN, N' C M are A-direct summands of M, then N = N' if and only ifN,j = N,^. 

Proof. Indeed, for any ^4-direct summand L of M, we have L = L, ? n M. Thus = 
indeed implies that N = N'; the other implication is even simpler. □ 

Proposition. Let Pi C G be the A-parabolic subgroup scheme for which P\^ is the instability para- 
bolic of X(n). LetY : G m — > P\ be an A-homomorphism such that Yjj is almost associated to X(n). 
Then 

(i) Pi f is the instability parabolic ofX(t)for each t 6 Spec(.4) 

(ii) Yt is almost associated to X(t) for each t £ Spec (.4). 

(iii) There is a finite, etale, local extension B D A and a section g 6 P\{B) such that if we put 

= Int(g)oY:G m ^P 1/ 
then Of is a cocharacter associated to X(t) for each t 6 Spec(.4). 

Proof. Since P\ ^ = Pi(Y) /^, it follows from the uniqueness assertion in Proposition 15.51 that 
Pi — P(Y). Also notice that (i) and (ii) are consequences of (iii); we will just prove (iii). 

The statement is unchanged if we replace A by a finite, etale, local extension; thus, we may 
and will suppose that G is split, say with split maximal torus T . 

Using Theorem 15.41 we locate a Levi subgroup scheme L of a parabolic subgroup scheme 
of G, an ,4-homomorphism <1> : G m — > L and a section Y 6 Lie(L) (O; 2) (A) such that 
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• Y is an equidimensional nilpotent section of Lie(G), 

• Y(rj) is G^-conjugate to X(t]), 

• (L u , Q u ) is the Bala-Carter datum of Y{u) for each u e Spec(^l), where Q = Pl(<J>) is 
the parabolic subgroup scheme of L determined by <3>, and 

• for every u £ Spec(^l), P u is the parabolic subgroup of G u associated with Y(u) and 
<E> U is a cocharacter of G u associated with Y(u), where P = Pc(^) is the parabolic 
subgroup scheme of G determined by <J>. 

We may evidently suppose that Q contains the split maximal torus T of G. 

We know that Pi „ and P,j are G/j-conjugate. After possibly replacing B by a finite etale, 
local extension, we may suppose that P\ ^ and P^ are conjugate by an element in G(k(n)). 
Using IS GA 31 Exp. XXVI, Cor. 5.5 (i)] we see that Pi and P are G(.4)-conjugate; thus we may 
and will suppose that Pi = P. Then both cocharacters <3>^ and Y, ? are almost associated with 
X( V ). 

It follows that E/>2fl(^0»7 = E/>2 0( ( I ) /Oi7' using [(5.6.2)) . we can now conclude that 
By |(5.6.1)| the Pf-orbits of X(t) and of Y{t) are separable and dense in 

;>2 ;>2 

for each point t of Spec(^l). Using [(2.4.2) we may find a finite, etale, local extension B of A 



such that X and Y are conjugate by an element of P{B); we may and will replace A with B 
so that X and Y are conjugate by an element of P{A). Thus, we may and will suppose that 
X = Y. 



Since the centralizers of <E> and of Y are Levi subgroup schemes of P (3.11.6) we may find 
maximal tori T\,Ti C P such that O factors through the inclusion of T\ in P and such that 
Y factors through the inclusion of T2 in P. Since Tj and Tj are locally conjugate for the etale 
topology of P [SGA 3. Exp. XII, Thm 1.7], after replacing A by a finite, etale, local extension, 
the maximal tori Ti and Pi ar e conjugate by an element of P(-4). Thus we may suppose that 



Ti = T 2 ; but then <J> (/ = Y ;/ by |(4.3.1)| It now follows that O = Y. But then one knows for 



each t 6 Spec(^l) that Of = Y t is associated with Y(t) = X(f ) and the proof is complete. □ 

5.7. Maximal tori and Levi factors. We are going to prove in this section the main Theorem 
regarding the existence of a Levi factor of the centralizer of an equidimensional nilpotent 
section. We first require a preliminary observation. 

Let H be a smooth group scheme over A. For t £ Spec(^l), let p r {t) = p,-,H(t) be the 
dimension of a maximal torus of the k (F) -group Hf for some (hence any) geometric point t 
above t. 

(5.7.1). The following are equivalent: 

(a) The function p r is constant on Spec(*A). 

(b) p r (s) = pr(t]) where s and n are respectively the closed point and the generic point of 
Spec(^). 

(c) Locally in the etale topology, H has a maximal torus. 

Proof. The equivalence of (a) and (c) follows from BSGA 3[ Exp. XII, Thm. 1.7(b)], while the 
equivalence of (a) and (b) follows from the lower semi-continuity of p r on Spec(„4); cf. loc. 
cit. Thm. 1.7(a). □ 

Theorem. Let G be a D-standard reductive group scheme over A, let X G g(-4) be an equidimen- 
sional nilpotent section, let C = Cg(X), and let N = Ng{X). 
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(a) There is a finite, etale, local extension B D A and a B-homomorphism (p : G m — ► G/g such 
that the cocharacter <pt of Gt is associated to X(t)for each t 6 Spec(S). 

(b) C has a Levi factor locally in the etale topology ofSpec(A). 

(c) C has a maximal torus locally in the etale topology ofSpec(A). 

(d) N has a maximal torus locally in the etale topology ofSpec(A). 

Proof. Let P be the „4-parabolic subgroup scheme of G for which P^ is the instability parabolic 
for X(rj); see Proposition [53] Now, (a) has been proved already in Proposition l5.6l 

In order to prove (b), (c) and (d), we may and will replace A by a finite, etale, local exten- 
sion; thus we may suppose by part (a) that <p : G m — > G is an ^-homomorphism for which (pt 
is associated with X(f) for all t £ Spec(^l). 

The centralizer L of the image of <p in C is a (closed) subgroup scheme of C, and L is smooth 
over B; cf. |(3.6.1) Moreover, it follows from (4.1.1) d) that Lf is a Levi factor of Q for each 



t 6 Spec(^4), whence (b). 

Since the subgroup scheme L° is reductive, one knows that L - and hence C - has a maxi- 
mal torus by |(3.2.lj) this proves (c). 

According to |Ja 04, §5.3], one knows for each t e Spec(.A) that Nq(X){ is the product of 
QjPOj with the image of any cocharacter of Gj associated with X. Since the image of such 
a cocharacter centralizes some maximal torus in Cg(X)j, it follows that p r ,c(t) + 1 = p r< w(f). 



Using (5.7.1) it is now clear that (d) is a consequence of (c). 

□ 

For later use, we observe that the proof of part (b) of the preceding Theorem actually 
proves the first assertion of the following: 

(5.7.2). Assume that there is an A-homomorphism (p : G m — > G such that the cocharacter <pt of Gt is 
associated to X(t)for each t e Spec(.A). 

(1) the centralizer of the image oftp in C is a Levi factor L ofC 

(2) There is a smooth retraction p : C — > L in the sense of \(3.3.1)\ in particular, writing R = 
kerp, there is an isomorphism of A-group schemes C ~ L x R. 

Proof. We have observed that (1) was proved already. For the second assertion, write A[C] — 
©neZ -4[C]n as a direct sum of weight spaces for the action of G m on A[C] given by Int* ocp, 
where Int is the action of C on itself by inner automorphisms. 

Since (pt is associated to X(f), one knows by |(4.1.1)| that A[C]„ /t = for any t 6 Spec(^4) 
whenever n > 0. It follows that *4[C] M = whenever n > 0; i.e. 

A[C] = ®A[C] n . 

n<0 

Write ^4[C]<o = E n <0^[C]n- Then A[L] = A[C]/ AlC]^, and the inclusion mapping i : 
L — > C is given by the natural surjection i* : A[C] — > «4[C]/^4[C]>o- The Hopf algebra A[L] 
identifies naturally with ^4[C]o, and the inclusion map p* : A[C]q — > A[C] defines a retraction 
p : C — > L. Since pt is evidently smooth for all t E Spec(^l), and since C and L are both flat 



over A, [SGA 1, Exp. II, Cor. 2.2] shows that p is a smooth mapping. In view of (3.3.1) this 



completes the proof of (2). □ 

Corollary. With assumptions as before, we have the following: 

(a) Locally in the etale topology there are subgroup schemes QcLcG such that L is a Levi sub- 
group scheme of a parabolic subgroup scheme of G, Qis a a distinguished parabolic subgroup 
scheme ofL, and (Lf, Qj) is the Bala-Carter datum ofX(t)for each t e Spec(^l). 
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(b) The root datum of the connected component of a Levi factor o/Cg(X)j is constant for t £ 
Spec(^). 

Proof. For the proof of the corollary, we may replace A by a finite, etale, local extension; ap- 
plying the Theorem for G, we may suppose that C — Cq(X) has a maximal torus T. Now let 
L = Cq(T); then L is a Levi factor of a parabolic subgroup scheme of G, and X E Lie(L)(*4). 
Since T is a maximal torus of Ci(X), the Theorem applies also to L. Thus, we may suppose 
that there is an ,4-homomorphism <p : G m — > L such that <pt is a cocharacter of Lf which is 
associated to X(t) for each t E Spec(_4). 

For (a), let Q = Pi{<p) be the parabolic subgroup scheme of L determined by <p. Since <pt 
is associated with X(t), one knows that Qt is the instability parabolic subgroup of Lf deter- 
mined by X(t) |(4.1.1)| Since Tf is a maximal torus of Cc(X)f for each t E Spec(*4), it is clear 
that X(t) is distinguished in Lie(L)f. Thus indeed (Lf, Qt) is the Bala-Carter datum of X(t). 

For (b), note that Lf is a Levi factor of Cc(X)f for each t E Spec(^l). So (b) follows from 
IISGA 31 III Exp. XXII Prop. 2.8]. □ 

5.8. Proof of Theorem|Aj Recall that E is an algebraically closed field of characteristic 0, and 
that F is an algebraically closed field of characteristic p > 0. Theorem|A]is a consequence of 
the following more general result: 

Theorem. Let Gp and Gp be reductive groups respectively over E and over F, assume that the root 
datum o/Gp coincides with that of Gp, and assume that Gp is D-standard. Let Xe E gp, Xp E qf be 
nilpotent elements with the same Bala-Carter data, let Ce and Cp be their respective centralizers, and 
let Le C Ce and Lp c Cp be Levi factors \(4.1.1)\ Then the root datum ofL° E may be identified with 
thatofL° F . 

Proof. Let A be the ring of Witt vectors^ [Se 79. II §6] with residue field an algebraic closure 
of the finite field F p . Usmg |p~4~2)l we see that it is enough to prove Theorem|A]after replacing 
F by the residue field of A and E by an algebraic closure of the field of fractions of A, and 
after replacing Xp and Xp by nilpotent elements with the given Bala-Carter datum. 

Let G be a split reductive group scheme over A with the same root datum as Gp - for the 
existence, see e.g. [SGA 3. Exp. XXV, Thm. 1.1]. Then Gp identifies with the closed fiber G s of 
G, and Gp identifies with the generic fiber Gf], where rj is the generic point of Spec(_4). 

Use Theorem l5.4l and the Bala-Carter theorem to find an equidimensional nilpotent section 
X for which X(s) is conjugate to Xp and for which X(^) is (geometrically) conjugate to Xp. 
We may and will replace Xp by X(s) and Xp by X(n). 

If C denotes the centralizer in G of the nilpotent section X, it follows from part (b) of 
Corollary 15.71 that the root datum of a Levi factor of Q;(X)f- = Cc-(X(f)) is constant for 
t E Spec (.4). This yields the desired result. □ 

6. The group of components of a group scheme 

Again let A be a Noetherian, normal, local domain. Our goal in the section following 
this one is to investigate the groups Cf I C° where t E Spec(^4), where C is the group scheme 
Cq (X) for an equidimensional nilpotent section X, and where G is assumed to be a T-standard 
reductive group scheme over A. We first require some preliminaries, which we study in this 
section. 

Let H be a smooth and separated group scheme over A. We are going to study the sheaf- 
quotient H/ H°, which we now describe. 



''The Witt vectors are just a convenient choice. In fact, one can use instead any normal, local Noetherian domain 
A with infinite residue field of characteristic p > whose field of fractions has characteristic 0. 
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6.1. Sheaves. If X is an ,4-scheme, an etale covering of X is a family of etale .A-morphisms 
(Ui -» X)i of finite ty pe, such that X = U,-lI f . 

Following [Mil 80, II §1] we write Spec(*4) e t for the (small) etale site of Spec(^4). This 
means first of all that the underlying category of Spec(^4) e t is the category Et/gpe,,^ of all 
schemes which are etale and of finite type over Spec(„4); the morphisms of this category 
are just the morphisms of „4-schemes. Finally Spec(*4) e t is this category together with its 
(Grothendieck) topology defined by etale coverings of finite type. 

A pre-sheaf of groups on Spec(^4) e t is a contravariant functor 

? ■ Et /s P ec(y4) -> Groups; 

the pre-sheaf T is a sheaf if the sequence (S) of |Mil 80, II §1 p. 49] is exact for all coverings in 

Et /Spec(^)- 

(6.1.1) ([Mil 8(3 II Cor. 1.7 and Rem. 1.12]). A group scheme H over Spec(^l) determines a sheaf 
of groups on Spec(„4.) e t by the rule U i— > Mor_4(H, IT). 

We say that a sheaf T on Spec(.4) e t is representable if there is a group scheme H such that 
T is isomorphic to the sheaf obtained from H in |(6.1.1) We sometimes abuse notation and 
write H for the sheaf T . 

If T is a pre-sheaf on Spec(^) e t and if x £ Spec (.4), the stalk Tx is given by 

T x = Y\mT(U) 

where the limit is taken over all etale neighborhoods U of x [Mil 80, II §2]. 

Let A x be the strict Henselization of A x [Mil 80, 1 §4]; thus Ax is a Henselian local domain 
containing A x , and the residue field of the local ring Ax is the separably closed field k(x). 

(6.1.2) ( IMil 801 II Rem. 2.9(d)]). Let H be an A-group scheme, and let x e Spec(„4). Then the 
stalk Hf of the sheaf H identifies with the group of points H(As). 

Now let / C H be a closed and normal subgroup scheme, and suppose that H° C /. We 
write HI J for the sheaf on Spec(^) e t obtained from the presheaf U \— > H(U) / J(U). 

(6.1.3) . For each point t 6 Spec(*4), the stalk of the sheaf H/ J is given by 

(H/J)j = H(k(t))/J(k(t)). 

Proof. It follows from UMil 801 II Thm. 2.11 and Thm. 2.15] that there is an exact sequence 

1 -> / -y H -> H/J -> 1 

of sheaves of groups on Spec(^) e t- Since this sequence is exact on stalks, use (6.1.2) to see 
that 

(H/J)t~Ht/J~ t ~H(At)/J(At). 

So the assertion will follow once we see that H(Ai)/J(Ai) ^ H(k(t)) / }( k(t)). S ince H is 
smooth over S, the natural map (p : H{Aj) — > H(k(t)) / J(k(t)) is surjective |(2.4.1)[ We have 
evidently ]{Aj) C ker<f; it remains to see the reverse inclusion. 

Recall that H° is open in H. Since H° C /, it follows that / C H is open as well. Since also 
/ C H is assumed to be closed, one sees that / is a union of connected components of H. Let 
g € ker(p c H(Aj), and regard g as a section Spec(*4j) — > H/Ar Since g(t) 6 ]- t and since 
Spec(^lf) is connected, it follows that g 6 }{Aj). Thus ker cp = }(Aj) as required. □ 
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6.2. Locally constant component groups. Let X be a scheme which is smooth and of finite 
type over A. Write s for the closed point of Spec(^). 

(6.2.1). If x G X(k(s)), choose a finite separable extension i D k such that x G X(£). Then there is a 
finite, etale, local extension B D A and a section y G X{B) such that B has residue field £ and such 
that x = y(s') G X(£), where s' denotes the closed point of Spec(fi). 

Proof. Since X is of finite type, the existence of the required finite separable extension I D k 
is immediate. As in |Mil 80, 1 Example 3.4] one may construct a finite, etale, local extension 
of A with residue field I; replacing A by this extension, we may as well suppose that I = k. 
Now, using (2.4.1)| we may find a section y G X(A ln ) over the Henselization A^ of A 



whose image in X{k) is x. By construction jMil 801 1 §4] the Henselization A^ is the limit of 
etale neighborhoods of A; the existence of a suitable B follows at once. □ 

Recall that H is a group scheme which is smooth, separated, and of finite type over A. 

(6.2.2) . Let } c H be a closed subgroup scheme, let g G H(A) be a section, and suppose that the 
image of g in H(K) lies in }(K) where K is the field of fractions of A. Then g G }(A). 

Proof. View g is a morphism Spec(.4) — > H. \in denotes the generic point of Spec(*4), the 
hypothesis means that the restriction of g to the dense subset {n} takes values in the closed 
subset /. Since g is continuous, the image of g must lie in /, as required. □ 

(6.2.3) . Let } c H be a closed subgroup scheme. Then the natural map 

H(A)/J(A)^H(K)/J(K) 

is injective. 

Proof. Suppose that g G H(A) and that gJ(A) is trivial in the group H(K)/](K) . Then (the 
image of) g determines an element of }{K). Since / is closed, it follows from [(6~2.2)| that 
J6 J (A). This proves the required injectivity. □ 

Proposition. Assume that } is a closed subgroup scheme ofH containing H°. Then 

#(H/J)- t < #(H/}) f] for each f G Spec(^), 

where n is the generic point of Spec (.4). Moreover, the following are equivalent: 

(i) The sheaf H/ } on Spec(.4) e t is represented by a finite, etale A-group scheme. 

(ii) The sheaf H/ J on Spec(.4) e t is locally constant. 

(iii) #(H/ })j is constant on Spec(^l). 

Proof. It suffices to prove the inequality #(H//)f < #(H//)^ in case t is the closed point 
s G Spec(^l). Indeed, if t G Spec(_4) is arbitrary, one replaces A by the normal local ring At; 
since t is the closed point of Spec(^lf) one then deduces the required inequality. 

In view of |(6.1 .3) we have (H/ })§ = H(k(s))/ }(k(s)); choose a finite separable extension 



I D k = k(s) and elements x\, . . . ,x n G H{£) such that the cosets of the x, are precisely the 
elements of H (k(s) ) / / (k (s) i ) . 

We may now use |(6. 2.1)1 to a finite, etale, local extension B D A with residue field t, 
and sections y\, .. . ,y n G H(B) such that y,(s') = %i in H(£) for 1 < i < n, where s' G Spec(£>) 
is the point lying over s. 



Since / is closed in H, it follows from (6.2.3) that the classes in H(k(rj)) / ](k(rj)) of the 



elements Xj(n) G H(k(i])) are all distinct. Thus indeed #(H/]),-j > n as required. 

We now prove that (i) implies (iii); we suppose that there is a finite etale group scheme T 
representing the sheaf H/ }. Since Ax is Henselian, application of |Mil 80, 1 Theorem 4.2(c)] 
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shows that the coordinate ring of the finite etale .Af-group scheme T is a direct product 
of local rings each with residue field k(x). It follows at once that #1^ = fflTj where t] is the 
generic point of Spec(*4), so that indeed #(H/ /)j is constant on Spec(A). 

We next prove that (iii) implies (ii). Write n for the constant value of #(H/ J)g. To prove 
(ii), we must show that H/ J is locally constant. It is enough to prove that H/ J is constant 
after we replace A by a finite, etale, local extension; thus, we may arrange that there are 
sections y\,. . .,y n £ H(A) for which the cosets y,(s)/(fc(s)) are the n distinct elements of 
H(fc(s))//(fc(s)) = (H//) s -. It follows from |(6.2.3)| that the cosets yj(rj)J(K) are all distinct, 



where K = k(tj) is the field of fractions of A. 

Suppose now that B D A is any finite, etale, local extension and that z £ H(B) is any 
section. Since by assumption (H//)^ has n points, we may find 1 < i < n such that zyr 1 g 
J(L) where L is the field of fractions of B. But zy" 1 6 H(B); it then follows from |(6.2.3)] that 
zy^ 1 e /(#)• Thus the y, are a full set of coset representatives for the quotient H(B) / }(B). 
If now t E Spec(A) is arbitrary, one knows by |(6.2.1) that there is some finite, etale, local 



extension B D A such that H(B)/](B) — > (H//) F is surjective. Since the group (H/])- t has 
exactly n elements, the above argument shows the natural mapping H{A) I ](A) — »• (H/ J)j 
to be an isomorphism. It follows that H/ ] is a constant sheaf on Spec(_4) e t, as required. 
The fact that (ii) implies (i) follows from HMil 801 V Prop. 1.1J0. □ 

6.3. Etale central isogenics of group schemes. Let H and H\ be separated group schemes 
which are smooth and of finite type over A for which H° and are reductive. Assume that 
f : Hi — > H is an etale central isogeny over A; this condition means that the A-morphism / 
is etale, finite, and faithfully flat, and that ker / is central in H. 

(6.3.1) . Write f° = f\ H o : H° — > H° for the restriction off to H°. Then f° is also an etale central 
isogeny. 

Proof. Since ker / is central in Hi, it is clear that ker/ is central in HJ. Now, and H° are 
both smooth over A. Since the fc(f)-morphism ft : (Hj)f — > Hf is etale and surjective for 
each t E Spec(A), it is clear that the same holds for f° : (H") t — > H° f ; thus /° is etale and 
surjective; in particular, f° is faithfully flat. 

It remains only to show that f° is finite. Since is reductive, we know that H° —> Hi is 
also a closed immersion | (3 .4 .2)} hence finite. Thus the composition of finite morphisms 

H^Hi^H 

is itself finite; it is then immediate that f° is finite as well. □ 

(6.3.2) . The etale sheaf HI H° is represented by a finite etale group scheme if and only if that is so for 
Hi/H{. 

Proof. One knows that ker / identifies with the fiber product 

Hi < ker/ = H a x H Spec(.4) 

/ 

H — Spec(A) 

where e is the identity section of H. Since / is an etale isogeny, it follows that the subgroup 
scheme ker / C Hi is finite and etale over Spec (A). 



''Note that | Mil 80 Chapter V Prop. 1.1] is stated for sheaves of Abelian groups, but commutativity is not used 
in the proof. 
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In view of |(6.3.1)] the same argument shows that the subgroup scheme ker f° C H° is finite 
and etale over Spec(.4) as well. 

Since the sheaves ker/ and ker/ are represented by a finite etale group schemes, one 
knows by Proposition ^. 2l that #(ker/)f is constant and #(ker/°)f is constant for t £ Spec(„4). 
Thus the quotient sheaf (ker/) /(ker/ ) has the property that #( (ker/)/ (ker/°))j is constant 
for f £ Spec (.4). 

The sequence of sheaves on Spec(.4) e t 

1 -> (ker/) /(ker/ ) -> H x /H{ -> H/H° -> 1 

is exact, since it is exact on the stalks of each geometric point t for f £ Spec(„4). It follows at 
once that #(Hi/H°)j is constant on Spec(.4) if and only if #(H/ H°)y is constant on Spec(^4). 
The result now holds by Proposition ^. 21 □ 

6.4. The centralizer of a diagonalizable subgroup scheme. Let H be as in the previous sec- 
tion; thus H is smooth and of finite type over A, and H° is reductive. 

We first recall the following result regarding the Weyl group of a maximal torus of a (con- 
nected and) reductive group scheme: 

(6.4.1). [SGA 3, Exp. XIX Thm. 2.5] Suppose that H = H° is reductive with connected geometric 
fibers, let T C H be a maximal torus, and let Nh(T) be the normalizer in H ofT. Then the quotient 
W = Nfj(T)/T = Nfj(T)/Cjj(T) is represented by a finite and etale group scheme over A. In 
particular, Nh(T)/T is a locally constant sheaf on Spec(„4) e t- 

Suppose now that D C H is a closed and smooth @ subgroup of multiplicative type which 
is contained in a maximal torus T C H, and let L = Ch(D) be the centralizer in H of D; recall 



(3.6.2) that L° is reductive. 



(6.4.2). Assume that H = H°. Then the sheaf LI L° is represented on Spec(„4) e t by a finite etale 
group scheme over A, where L = Cn(D). 

Proof. Since LP is reductive, one knows by |(3.4.2)] that LP is closed in L. If n £ Spec(*4) is the 
generic point, then we have 

(*) #(L/L°)ri >#(L/L°) F 
for each t £ Spec (.4) by the first assertion of Proposition ^. 21 If we show that equality holds 
in (*) for each t £ Spec(„4), then the desired result follows from the equivalence of (i) and 
(iii) of that same Proposition. 

Recall that T C LP is a maximal torus centralized by D. Since all maximal tori of LP are 
conjugate on the geometric fibers L°j for t £ Spec(^t), the natural map 

N L (T)/N L o(T)^L/L° 

determines an isomorphism on each geometric fiber and thus defines an isomorphism of 
sheaves on Spec(.4.) e t- 



After replacing A by a finite, etale, local extension, the characterization (6.4.1) shows that 
we may suppose Nh(T)/T to be a constant sheaf. If n denotes the (constant) order of the 
geometric stalks, we may choose sections x\, Xi, . . . , x n £ Nh(T)(A) such that (Njj(T)/T)f = 
{x\{t), . . . ,x n (t)} for each t £ Spec (.4), where x,(f) denotes the coset Xj(t)T(k(t)). 

Now let y £ Ni(T)(k(t])). Regarding y as an element of Nh(T)(/c(^)), we may find 1 < 
i < n such that x;(^)y _1 = z £ T(K). 



The assumption that D is smooth is imposed here only for lack of adequate reference that L° — Ch(D)° is 
reductive; see the remark following |(3.6.2)| Given that L° is reductive, the proofs of |(6.4.2)| and |(6.4.3)] are independent 
of the smoothness of D. 



THE CENTRALIZER OF A NILPOTENT SECTION 



29 



Since the torus T contains D, the element z centralizes D^; it follows that also Xi(rj) = yz 



centralizes D - i.e. xfa) G N L {T) (k(t])) . It now follows from |(6.2.2)| that Xj G N L (T)(A). 
We have now proved that the natural map 

N L (T)(A)/N L o(T)(A) - N L (T)(k(n))/N L o(T)(k(n)) 

is surjective. Since for any t £ Spec(^t) the natural map 

N L (T)(A)/N L o(T)(A) -> {N L (T)/N L o(T))- t 

is injective by the definition of L°, it follows that equality holds in (*), as required. □ 



We will now prove that the assertion of (6.4.2)| remains true without the assumption that 
H = H°. 

(6.4.3). If the etale sheaf H/H° is represented by a finite etale group scheme over A, then L/L° is 
represented by a finite etale group scheme over A as well. 

Proof. Consider the subgroup I4 = Cjp (D); we have 

L° C Li C L. 

Thus there is an exact sequence of sheaves on Spec(.4) e t 

1 -> L1/L -» L/L° -> L/Li -> 1. 



It follows from |(6.4.2) that I4 / LP is represented by a finite etale group scheme over A. 



Suppose we show that the order of the geometric fiber {L/Li)- t is independent of f 6 
Spec(^l). Using the exactness of the above sequence of groups, we see that the order of the 
geometric f iber ( L / L° ) j is independent of t £ Spec ( A ) . Since LP is reductive and hence closed 
in L by |(3.4.2)| it follows from Proposition 16.21 that LI LP is locally constant and represented 
by a finite etale group scheme over A, as required. 

It now remains to prove that #(L/Li)f is constant. Since I4 = Ch" (D) is closed in H° and 
since H° is closed in H by |(3.4.2)| we have that I4 is closed in H. Since I = Ch(D) is closed in 
H, I4 is closed in L as well. Thus we may apply Proposition 16.21 to study the quotient L/I4. 
That Proposition shows especially that 



(*) #(L/Li)« >#(L/L 



lit 



for each t £ Spec(^l), and the desired result holds if we prove that equality holds in (*) for 
each t. 

Recall that T is a maximal torus of H° containing D. Arguing as in (6.4.2)} we see that the 



natural map Nh{T)/Nh»(T) — > H/H° is an isomorphism of sheaves on Spec(^4) e t- Since 
T C L\ , a similar argument shows that the natural map Ni ( T) / Nl~ (T) — > L/L\ is an isomor- 
phism of sheaves on Spec(*A) e t- 

Recall that we have assumed H/ H° to be represented by a finite etale group scheme; thus 
N h {T)/N H q{T) - H/H° is locally constant. Since H° is reductive, also N H o(T)/T is locally 
constant by |(6.4.1)| Thus after replacing Aby a finite, etale, local extension, we may suppose 
that Nh(T)/Nho(T) and Nho(T)/T) are constant sheaves on Spec(.4)et. Choose a complete 
set of representatives 

Xi,...,x n <=N H (T)(A) for the elements of N H (T)(A)/N H o(T)(A), 

and a complete set of representatives 

y lr ... r y m eN H o(T)(A) for the elements of N H »(T)(A)/T{A). 
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If now zv £ Ni(T)(k(rj)), we have Xi(rj)yj(Tj)w 1 = z £ T{k{n)) for some 1 < i < n and 
1 < j <m. But then Xi(^)yy(^) = zy centralizes D^, hence Xi(n)yj(n) £ Ni(T)(k(n)). Since 
e Nh(T) (A), it follows from |(6.2.2)| that *,-y,- £ N L (T)(„4). 
This shows the natural map 

N L (T)(A)/N Ll (T)(A) - N L (T)(k(t,))/N Ll (T)(k( V )) 

to be surjective. 

Notice that the natural map (L/L\)j — > (H/H°)f is injective for each t £ Spec(„4), hence 
L/Li — > H/H° is an injective mapping of sheaves on Spec(_4) e t- Since the natural map 
H(A) /H°(A) -> (H/H° ) F is injective for each f £ Spec(^) by the definition of H°, it follows 
that the natural map L(A)/L\{A) — > (L/L\)- t is injective. Thus indeed equality holds in (*), 
as required. □ 

7. The component group of a nilpotent centralizer 

Let A be a local, normal, Noetherian domain, let G be a T-standard reductive group 
scheme over A. Fix throughout this section an equidimensional nilpotent section 

X £ Lie(G)(.A) = g(A). 

Let C = Cq(X) be the centralizer in G of X, and recall that C is a smooth group scheme 
over A; see Proposition l5.2l 

7.1. Replacing C/C° by L/L°. According to Theorem 15.71 C has a Levi factor locally in the 
etale topology. Thus after replacing A by a finite etale local extension, we may assume that 
there is a Levi factor L C C. In this situation, we have the following: 

(7.1.1). There is an isomorphism C/ C° ~ L/ L° of sheaves on Spec(*4) e t- 

Proof. It follows from [MS 03. Prop. 12] that the natural map defines an isomorphism 

(L/L°) f ~ (C/C°) f for each f £ Spec(^l); 

this means that the natural sheaf map L/L° — > C/C° is an isomorphism on stalks and is thus 
an isomorphism. □ 

7.2. The adjoint case. Assume that G is a semisimple group scheme over A, and that G is of 
adjoint type - i.e. that Gf is adjoint for each t £ Spec(^l); cf. ^3.21 

Theorem. [MS 03] The quotient C/C° is represented on Spec(*4) e t by a finite etale group scheme 
over A. In particular, (C/C°)t~ (C/C°) pare all t,t f eSpec(A). 

Proof. Replacing A by a finite, etale, local extension we may suppose that C has a Levi factor 
L. According to |(7.1.1)) we know that C/C° c± L/L°. Since L° is reductive, L° is closed in 
L |(3.4.2)[ Thus we may apply Proposition 16.21 According to that Proposition, the Theorem 
will follow once we know that \(L/L°)j\ is constant for t £ Spec (.4). Since for each t £ 
Spec(^l), we have assumed Gf to be semisimple and adjoint, that constancy follows from 
IIMS03J Theorem 36]. □ 

7.3. Etale central isogenics. Let G and G\ be T-standard reductive group schemes over A, 
and let / : G — > G\ be an etale central isogeny. This means that / is finite, etale, and faithfully 
flat, and ker/ is central in G. 

(7.3.1). df : Lie(G)(A) — > Lie(Gi)(^4) z's an isomorphism of A-modules. 
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Proof. Since ft : Gf — > G\j is a separable central isogeny for each t £ Spec (A), one knows that 
dimGf = dimGi^f. Thus, Lie(G)(.4) and Lie(Gi)(.4) are free A-modules of the same rank. 
Writing m for the unique maximal ideal of A, one knows that 

Ue{G)(k(s)) = Ue{G)(A)/mUe{G){A), 

with a similar statement for G\. Since df s : Lie(G) s — > Lie(Gi) s is an isomorphism, it follows 
from the Nakayama lemma that df : Lie(G) (A) — > Lie(Gj) (A) is an isomorphism. □ 

Let X 6 Lie(G)(.A) and Xi £ Lie(Gi)(.4) be nilpotent sections, and suppose that df(X) = 
df(X 1 ). Write C = C G (X), N = N G (X), Q = C Gl (X t ) and N x = N Gl (Xx). 

(7.3.2) . X is an equidimensional nilpotent section of Lie(G) if and only ifX\ is an equidimensional 
nilpotent section of Lie (Gi). 

Proof. Indeed, it is clear for each t that ft restricts to a separable isogeny 

ft\c, '■ Q — >■ Ci /t 

of k(t )-group schemes, whence dim Cf = dim C\ t t. □ 

(7.3.3) . Locally in the etale topology there are Levi factors L C C and Lj C C\ for which fu deter- 
mines a finite, etale, and faithfully flat map of group schemes fu:L—>L\. 

Proof. After possibly replacing A by a finite, etale, local extension, we may use Theorem l5.7f a) 
to find a homomorphism (p : G m — > G such that (pt is a cocharacter of Gf associated to X(f) 
for each t £ Spec(^4). If xp = f o cp, it follows from [Mc 04, Lem. 14] that ipt is a cocharacter of 
G\ t associated with X\(t) for each t, 

Using |(572)] one knows that the centralizer L of the image of <p in C is a Levi factor, and 



the centralizer I4 of the image of ip in C\ is a Levi factor. 

It is clear that / restricts to a morphism fu : L — > Lj; we only must argue that is finite, 
etale, and faithfully flat. 

For that, we notice first that f t u t : Lt — > Li t is a separable A:(t)-isogeny for each t £ 
Spec (.A). It follows at once that / is faithfully flat. Moreover, since L and I4 are smooth over 
A, MSG A 11 Exp. II, Cor. 2.2] shows that f\ L is smooth. Since / is finite, it follows that fu is 
quasi-finite. But then f< L is etale MSG A 1[ Exp. II, Cor. 1.4]. 

It remains to show that fu is a finite morphism. Note first that the inclusions C C G 
and C\ C G\ are closed embeddings (see ^2-3b , and the inclusions L c C and L\ c C\ are 
closed embeddings I (3. 6.1)1 Since / is finite hence proper [Mil 80, 1 Prop. 1.4], the composition 

LcCcG^Giisa proper map. Since L\ C G\ is a closed embedding, it follows from 
BLi 021 Prop. 3.3.16] that fu : L — > Lj is proper. Since /| L is quasifinite and proper, /| L is finite 
by IMiLSO] I Cor. 1.1]. □ 

Proposition. The sheaf C/C° is represented on Spec(A) e t by a finite etale A-scheme if and only if 
that is so for C\ /C°. 

Proof. Replacing A be a finite, etale local extension, we may use |(7.3.3)| to find Levi factors 
L C C and L\ C G\ for which fn determines a finite, etale, faithfully flat morphism / : L — > 
L\. Then we have 

C/C°~L/L° and C 1 /C° l ~L 1 /L° 1 
by |(7.1.1) Since L° and are reductive, the Proposition now follows by applying (6.3.2) □ 
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7.4. The centralizer of a torus. Let S C G be a torus, and let M = Cq(S) be the centralizer 
of S in G. Then M is a reductive group scheme over A with connected geometric fibers. 
Suppose that X 6 Lie(M)(^4) is an equidimensional nilpotent section, and write C = Cq(X) 
and C M = C M (X). 

(7.4.1). X is an equidimensional nilpotent section ofLie(G)(A) as well. In particular, C is equidi- 
mensional and hence smooth. 

Proof. It follows from Corollary l5.7l that there are subgroup schemes Q C L C M such that L 
is a Levi subgroup scheme of a parabolic subgroup scheme of M, Q is a parabolic subgroup 
scheme of M, and (Lj, Qj) is the Bala-Carter datum of X(f) for each t G Spec(^4). 

Now use Theorem l5.4l to find an equidimensional nilpotent section Y £ Lie(G) („4) whose 
Bala-Carter datum coincides with that of X(n). Since the Bala-Carter datum of X(t) in Lie(G)f 
is determined by the Bala-Carter datum of X(t) in Lie(M)f, it follows from the Bala-Carter 
theorem that X(f) and Y(f) are conjugate by an element of G(k(t)). Since Y is equidimen- 
sional, it follows that X is equidimensional as well. □ 

Proposition. If the sheaf C/C° is represented on Spec(^4) e t by a finite etale A-group scheme, the 
same holds for Cm/C° m . 

Proof. In view of |(7.4.1)] one knows that C and Cm are smooth over A. Thus the centralizers 
L c C and L\ c Cm of the image of (p are closed subgroup schemes which are smooth over 



A. Using (5.7.2) one knows that L is a Levi factor in C and that L\ is a Levi factor in Cm- 
Now, 

C/C°~L/L° and C M /C M ~L X /L\ 

by [(7Xl)l 

Since <p evidently centralizes the torus S, it is clear that S C LJ C L°. Since the centralizer 
of S in L° is a reductive subgroup scheme, we may find a maximal torus T C L° containing S 
- use (3.2.1)| and (3.6.3) The Proposition now follows from (6.4.3)| □ 



Remark. It is not clear - to the author, at least - whether the Proposition is true when T is 
replaced by any diagonalizable subgroup scheme D C G; in the notation of the (proof of the) 
Proposition, the difficulty lies in the fact that D need not be contained in a maximal torus of 
LJ, so that |(6. 4.3)1 is inadequate. 

7.5. The component group of C. Let G be a T-standard reductive group scheme over A. Let 
X 6 q(A) be an equidimensional nilpotent section, let C = Cq(X), and assume that the pair 
(G, X) is allowable. 

Theorem. The etale sheaf CI C° is represented on Spec(^4) e t by a finite etale group scheme over A. 
In particular, (C/C°) f ~ (C/C°) P for all t, t' e Spec(^l). 

Proof. Let first G be semisimple and assume the fiber characteristics are all very good for G. 
After replacing A by a finite, etale, local extension, we may suppose that G is split; let G ac j 
be the corresponding group of adjoint type and let / : G — ► G a d be the corresponding map 
(3.2.3)| In view of our assump tions, |(3.8.1) shows that / is an etale central isogeny. Since the 



assertion of the Theorem holds for the pair G a &,df(X) by Theorem 17.21 the assertion for G 
now follows from Proposition [73] 

It is then clear that the assertion of the Theorem holds when G is a group of the form 
H — H\ x S where S is a torus and where H\ is semisimple and the characteristic of k(t) is 
very good for Ht for each t G Spec(^4). If So is a torus in the group H, Proposition l7.4l shows 
that the Theorem holds for M = Ch(Sq). 
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If G is any T-standard group, there is an etale isogeny between G and a group of the 
form M as above; thus the assertion of the Theorem follows from another application of 
PropositionESl □ 

7.6. Proof of Theorem[Bj Recall that E is an algebraically closed field of characteristic 0, and 
that F is an algebraically closed field of characteristic p > 0. Theorem [B] is a consequence of 
the following more general result: 

Theorem. Let Gp and Gp be reductive groups respectively over E and over F, assume that the root 
datum of Ge coincides with that of Gp, and assume that Gp is T-standard. Let Xp € gp, Xp £ Qp be 
nilpotent elements with the same Bala-Carter data, and let Cp and Cp be their respective centralizers. 
ThenC E /C E ~Cp/C F . 

Proof. As in the proof of Theorem 15.81 let A be the ring of Witt vectors USe 791 II §6] with 
residue field an algebraic closure of the finite field F p . Using [(4~.4.2)[ we see - as in the proof 
of Theorem l5.8l - that it suffices to prove the Theorem after replacing F by the residue field of 
A and E by an algebraic closure of the field of fractions of A, and after replacing Xp and Xp 
by nilpotent elements with the given Bala-Carter datum. 

Again, let G be a split reductive group scheme over A with the given root datum. Using 
Theorem l5.4l and the Bala-Carter Theorem, we may suppose that there is an equidimensional 
nilpotent section X for which Xp is conjugate to X(s) and for which Xp is geometrically 
conjugate to X(n). 

If C = Cq(X) denotes the centralizer subgroup scheme, it now follows from Theorem 17.51 
that (C/C°)s — (C/C°)fj. Thus, the component group of the centralizer in G,-j of X(n) is 
isomorphic to the component group of the centralizer in G§ of X(s), as required. □ 
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